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Abstract. We define a class of sites such that the associated topos is equiv¬ 
alent to the category of smooth sets (representations) of some monoid. This 
is a generalization of the fact that the topos associated to the etale site of a 
scheme is equivalent to the category of sets with continuous action by the etale 
fundamental group. 

We then define a subclass of sites such that the topos is equivalent to the 
category of discrete sets with a continuous action of a locally profinite group. 


1. Introduction 

1.1. Our result may be regarded as a generalization of the following statements. 
Let Y be a connected noetherian scheme. Let C be the category of schemes finite 
and etale over X whose morphisms are Y-morphisms. Take a geometric point 
X G X. Then the fiber functor and the category satisfies the axioms for Galois 
category [SGAll Exp.V.4, p.98] and gives rise |SGA11 Thm.4.1, p.l04] to the etale 
fundamental group 7r®*(A, x) of A. One can put topology on C so that the category 
of sheaves is equivalent to the category of discrete (A, a;)-sets. (This can be done 
in a manner similar to that in [SGA41 Exp. VIII Prop 2.1] where the case A is the 
spectrum of a field is treated.) 

We give a set of conditions for a site (a pair of a category and a Grothendieck 
topology). We call a site satisfying these conditions a Y-site. Our theorem says 
that if a Y-site satisfies a cardinality condition (e.g., the horn sets are finite), then 
the category of sheaves on the site is equivalent to the category of smooth sets (to be 
defined in this paper) of some monoid. If we assume further that the Grothendieck 
topology is atomic, then our second theorem says that there exists a locally profinite 
group such that the category of sheaves on this site is equivalent to the category 
of discrete sets with continuous action of this group. In case the site has a final 
object, the locally profinite group is profinite. In the opposite direction, given a 
locally profinite group, we can construct a Y-site meeting a cardinality condition, 
which gives rise by the procedure above to the given group. Our theorem is a 
characterization theorem in this sense. 

There is no direct way to compare Grothendieck’s axioms and our conditions 
because his axioms are on the pair of a category and a functor while ours are on 
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the site (a category and a topology). We note that we have common examples. 
The main examples of Galois categories are the etale sites of schemes, giving rise 
to the etale fundamental groups of schemes. Our theorem is a generalization in 
the sense that the etale site of a scheme with a connectedness assumption (see 
Example I4.2.2|) meets our conditions. Our conditions hold true for such a site 
and by our theorem we obtain a locally profinite group, which in this case is the 
(profinite) etale fundamental group. 


1.2. Let us give an outline of the contents of this article leading to the statement 
of our main theorem in this subsection. We have to give many new conditions and 
many new definitions. We wish to explain the motivation and ideas behind them 
here in the introduction. Those in italics are to be defined in this article. The 
phrases in quotations are ideas intended to help the readers, which may not be 
rigorous. 

We start this article by defining semi-localizing collections. (We note that the 
term collection is used to avoid set theoretic complications only. See Section 12.11 1 
A semi-localizing collection is a collection of morphisms in a category satisfying 3 
conditions (Definition 12.3.11) . As remarked in Remark 12.3.21 the 3 conditions are 
the first 3 of the 4 conditions of Gabriel and Zisman [GZ] to admit ‘right calculus 
of fractions’. From a semi-localizing collection T, we can construct iLemma 12.3.41) 
a Grothendieck topology J 7 -. We call topology of such form an A-topology (Defi¬ 
nition 12.4.11) . We arrived at this notion when considering a class of Grothendieck 
topologies such that one needs to look only at the coverings of the form {X —S' E} 
and not at those of the form {Xi —>■ Y}i^i with cardinality of I greater than 1. Thus 
in this topology, the coverings are captured within the category. We will be using 
the collection T{J) = T D T (see Definition 12.3.51 for T) which is a ‘saturation’ 
in some sense, again semi-localizing, giving the same topology. The idea is that 
the collection T{J) is ‘the set of all coverings’. The atomic topology is an example 
of A-topology (see Section [2.4.11) . This is the case when T is the collection of all 
morphisms of the given category. We believe that by this restriction to A-topology 
we do not lose much generality. 

We define a Galois covering (Definition 13.1.21) to be a morphism A —>■ D in a 
category C such that there exists a group G for which Homc(^, E) —>• Homc(^, X) 
is a pseudo G-torsor for each object Z (see Definition 13.1.11) . We say that a site 
equipped with an A-topology associated to a semi-localizing collection T has enough 
Galois coverings ('Definition 13.1.4p if T = T' where T' is the collection of all Galois 
coverings. 

An E-category is a category where all the morphisms are epimorphisms (Def¬ 
inition |4TT]) . We then define a B-site to be a site (C, J) where the underlying 
category C is an A-category, whose topology J is an A-topology, and when the 

following condition is satisfied: For any diagram Z Y A A in C, the composite 
g o f belongs to T(J) if and only if / and g belong to T(J). This condition may 
not seem pleasant. This notion may be described better if the category has co¬ 
products or is equipped with the notion of ‘tto’, but we have not assumed so. Note 
that the usual finite etale site of a scheme does not satisfy this condition, but if we 
impose that all schemes are connected, it does. One outcome of these definitions is 
the following: If we assume moreover that there are enough Galois coverings, the 
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sheafification functor from the category of presheaves on a B-site can be described 
using Galois coverings (see Section l4^ . 

Our principal objects of study are Y-sites (Definition 15.4.21) . A Y-site is defined 
to be a B-site satisfying two more conditions (a set-thoeretic one is not discussed 
in this paragraph). One is that: Given any two objects Xi,X 2 in the underlying 
category, there exist morphisms fi'.Y^Xi and fi'-Y ^ X^ both in T(J). This 
condition can be thought of as a form of the existence of an initial object, or the 
existence of a ‘universal covering’ if the site has some topological meaning. The 
other is that T(J) has enough Galois coverings. 

We regard partially ordered sets (posets) as categories in a natrual manner. We 
introduce quasi-posets as those categories that are equivalent to posets (Defini¬ 
tion [52111) ■ These are used only in the proof of the existence of grids. 

A grid (Co, to) of a F-site is a pair of a poset Co and a functor to from this poset 
to the underlying category of the site satisfying some conditions (Definition 15.5.31) . 
An edge object is defined to be an object of Co such that every morphisms to it is 
mapped to T{J) by to (Definition (532]) ■ Using the endomorphisms of the poset 
Co and some natural isomorphisms, we construct a monoid M(^Co,i.o)^ 'which we call 
the absolute Galois monoid lSection l5.6.ip . For each edge object A, we also have 
a subgroup Kx of the monoid ISection [5.6.211 . Roughly speaking, it is defined as 
the ‘stablizer’ of the object. The term ‘grid’ may not be a good one. In the easiest 
case, a grid is something like ‘the set of all finite field extensions of a field, that 
is contained in a fixed separable closure’. It forms a lattice in this case, and we 
wanted to call our grid a lattice, but we have not done so since technically it may 
not be a lattice in general. 

This absolute Galois monoid and its subgroups let us define the notion of smooth 
sets. A smooth M^(^^ ,^^yset is defined to be a set with the action of the absolute 
Galois monoid satisfying the following condition: For an element in the set, the sta¬ 
blizer contains the group of the form Kx for some edge object X lDefinition l5.7.7ll 

We may also equip the absolute Galois monoid with a structure of a topological 
monoid using those subgroups (Section IIP.111 . Then by definition, the category of 
smooth M(Co,t(,)-sets is canonically equivalent to the category of discrete sets with 
continuous action of the topological monoid 

When the topology is the atomic topology, is a group and all objects 

are edge objects. 

We took this term ‘smooth’ from the representation theory of locally profinite 
groups, which is known for its applications in number theory (see Remark 15.7.811 . 
Examples of locally profinite groups include profinite groups, the finite adele valued 
points of an algebraic group, and the nonarchimedean local field valued points of 
an algebraic group. One of the original motivations was to describe the categories 
of smooth representations of these groups using sheaf theory. 

Another thing that we construct from a grid is the fiber funetor uj(^Co,lo)- ^ 
functor from the topos of sheaves on the F-site to the category of sets, which factors 
through the category of smooth sets. A sheaf is sent via this fiber functor to the 
colimit of sections over the edge objects, which is actually isomorphic to the colimit 
over the whole grid. This action of the absolute Galois monoid may be thought of 
as a generalization of the action of the finite adeles on the limit of elliptic modular 
curves or of Drinfeld modular varieties. We will consider these examples in a future 
paper. 
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Before coming to our theorem, we need to mention one more thing: cardinality 
conditions fSection I5.8.ip . There are two kinds of cardinality conditions. Cardi¬ 
nality Condition (1) is that the horn sets of the underlying category of the site are 
finite. There is also another type of cardinality condition. The first kind is used 
primarily in the form: the projective limit of finite sets with surjective transitive 
maps is non empty and the limit surjects onto each finite set. 

One important proposition (Proposition 16.2.111 says: Under certain cardinality 
conditions, there exists a grid. The proof can be divided into two parts. The first 
half (Proposition 16.1.11) says that there exists what we call pregrid. For the proof, 
we follow the proof of the existence of an algebraic closure of a field. The second 
half seems to be new. 

Now we come to our main theorem. Suppose we are given a F-site. Assume 
certain cardinality condition holds. Note that then there exists a grid by the propo¬ 
sition and we can construct the absolute Galois monoid and its subgroups. Hence 
we have smooth sets and we also have the associated fiber functor. Our theorem 
(see Thoerem 1 5.8.1 1 for the precise statement) says: 

Theorem 1.2.1. Under these assumptions, the fiber functor gives an eguivalence 
between the topos and the category of smooth sets. 

1.3. Let us restrict ourselves to atomic topologies and assume cardinality Condi¬ 
tion (1), that is, the finiteness of the horn sets, holds. Then as an application of 
our theorem, we obtain a ‘reconstruction’ theorem (Theorem IIP.2.1]) as follows. 

Theorem 1.3.1. Suppose given a Y-site whose topology is the atomic topology. 
Assume that Condition (1) of the cardinality conditions holds. Then there exists a 
locally profinite group G such that the topos is equivalent to the category of discrete 
sets with continuous G-action. 

When the topology is the atomic topology, the absolute Galois monoid becomes 
a group. If there exists a grid, we can equip the group with the structure of a 
topological group such that the subgroups {Kx} for objects X of the grid is a 
fundamental system of neighborhoods of the unit. 

If cardinality Condition (1) holds, then there exists a grid as remarked above. 
We can further show that the topological group is locally profinite. By definition, 
the category of smooth sets is equal to the category of discrete sets with continuous 
action of this topological group. Hence Theorem 11.3.11 follows from Theorem ll.2.11 

1.4. The question that what kind of monoids appear as the absolute Galois monoid 
seems difficult to us. For groups, we have the following examples. 

We have a construction of a F-site and a grid, starting from a topological group G 
of certain type. These give examples of grids where the cardinality conditions may 
not hold true. The site is essentially that constructed by MacLane and Moerdijk 
in [MM] . We will see that any complete separated prodiscrete group appear as the 
absolute Galois group. 

1.5. There are many other generalizations of Galois theory or of Grothendieck’s 
Galois theory |SGAlj . We do not know all of the generalizations. Let us mention 
some of the differences. 

In the works covered by Dubuc in m. they consider axioms for topoi (rather 
than sites or categories) and the Galois group is a localic group. We note that we 
impose certain “cardinality conditions” which imply that certain projective limit 
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is non-trivial. We believe that this is the place to use locales (so that the limit is 
non-trivial without such hypotheses) but we have not persued this point further. 
The cardinality conditions are satisfied in the cases of our interest, namely, for the 
etale sites of schemes and for the case where the Galois group becomes the general 
linear group of finite adeles. 

Another point is the appearance of monoids as ‘Galois groups’. A Galois group 
is usually conceived as the automorphism group of some fiber functor from a topos, 
while our absolute Galois monoid is constructed using more structure of the un¬ 
derlying site. We have not seen statements describing topoi as classifying spaces of 
some monoid elsewhere. 

The Galois theory of Joyal and Tierney m) states roughly that any topos is 
equivalent to the classifying topos of a localic group. In particular, given a T-site, 
we obtain some ‘Galois group’ using their theory. However, it is difficult to see 
what exactly the Galois group is from their theory. Our aim is to give axioms so 
that the Galois group is computable from the given data. 

Recall that in Grothendieck’s Galois theory, the existence of a final object, fiber 
products, and finite sums follow from the axioms. We do not impose such conditions 
on our underlying categories of the T-sites. This is because, in application, we 
would like to have ‘fewer objects’ to work with so that the computation is not 
so complicated. Note that because we lack objects such as final objects, fiber 
products, etc., we think that the formulation of the axioms in terms of the fiber 
functor becomes complicated. 

1.6. Let us give the list of contents of each section. More technical details are 
found at the beginning of each section. 

In Section [21 we first recall some general definitions and constructions from 
sheaf theory to make this paper self-contained. Basic notions such as Grothendieck 
topology, sieve, and sheaf are recalled. We then define what it is for a collection 
of morphisms in a category to be semi-localizing. It is shown that a Grothendieck 
topology is associated to a semi-localizing collection, which we call A-topology. After 
showing certain general properties of A-topology, we give a fairly explicit criterion 
for a presheaf to be a sheaf for A-topology. 

In Section |3l we define Galois covering and what it means for a site to have 
enough Galois coverings. We spend few pages on the generality on quotient objects 
in a category. This will appear to be useful in our future paper, where we consider 
sheaves with values in a category other than the category of sets. 

In SectioinjH we define B-sites lDefinition l4.2.1ll and give some of the properties. 
In Section l4^ we give an explicit description of the sheafification functor on B-sites 
when there are enough Galois coverings. This will be used in the proof of our main 
theorem. 

The aim of Section|5]is to state our main theorem iTheorem lS.S.II) . We define Y- 
site as a B-site with some more conditions. We define cardinality conditions, grid, 
the absolute Galois monoid, the smooth sets, and the fiber functor u}(^Co,lo) associated 
to a grid. Theorem 15.8.11 says that the fiber functor induces an equivalence of 
categories between the topos and the category of smooth representations of the 
absolute Galois monoid under the cardinality conditions. 

In Section |6l we prove the existence of grid under the cardinality conditions. We 
first prove the existence of the pregrid, and then of the grid. The proof for the 
pregrid follows the same line as for the proof of the existence of an algebraically 
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closed field of a field. What is new appears in the construction of the grid. We note 
that when the topology is the atomic topology, the pregrid is already a grid. 

In Section [71 we start the proof of our main theorem. We show that the fiber 
functor is fully faithful. In Section |8l we show the essential surjectivity, finishing 
the proof of Theorem 15.8.II 

In Section |9l we show that the fiber functor has a left adjoint, thereby showing 
that we have a point of the topos. As an application of our main theorem, we see 
that the topos has enough points. 

In Section (TUI we show how to equip the absolute Galois monoid with the struc¬ 
ture of a topological monoid. Then we give a precise form of Theorem ll.3.11 

In Section [TTl we give examples of Y-sites and grids, which do not meet the 
cardinality conditions, such that the absolute Galois monoids are locally prodiscrete 
groups. 

We give more examples of Y-sites with grids in Section (TT) The simplest example 
where the absolute Galois monoid is the monoid of non-negative integers is given 
in Section 112.11 The example in Section 112.21 gave us the motivation to write this 
article. Its details and an application will be given in a future paper. 

1.7. We give a remark concerning the use of universes. Usually, an author fixes 
a universe it and suppresses the appearance by declaring that everything belongs 
to the fixed universe. However, the reader will find occasionally in this paper the 
phrase “essentially it-small”. This is because the primary example is the etale site 
of a scheme in it, the underlying category of which is essentially it-small. There 
is a standard technique of changing the universe to a larger one so that proving 
statements in an arbitrary fixed universe suffices (which enables one to suppress 
the appearance of the universe). However, it was not clear to us if such a technique 
should eliminate the phrase. 

Acknowledgment During this research, the first author was supported as a 
Twenty-First Century COE Kyoto Mathematics Fellow and was partially supported 
by JSPS Grant-in-Aid for Scientic Research 17740016 21654002 and by World Pre¬ 
mier International Research Center Initiative (WPI Initiative), MEXT, Japan. The 
second author was partially supported by JSPS Grant-in-Aid for Scientic Research 
16244120. 

The first author thanks Kei Hagihara and Florian Heiderich for useful conversa¬ 
tions. 


2. A-TOPOLOGY 

First, we recall the definitions of Grothendieck topology and sieve. 

A collection of morphisms in a category is defined (Definition 12.3.11) to be semi- 
localizing, when it satisfies the first three of the four axioms for the collection to 
admit ‘right calculus of fractions’ in the sense of Gabriel and Zisman [GZj . We 
arrived at the definition when considering the class of Grothendieck topologies that 
is generated by coverings of the form {Xi —5> Yjig/ where the cardinality of I is 
one. 

2.1. Presheaves. Throughout the paper we fix once for all a Grothendieck uni¬ 
verse il. 
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Recall from [SGA41 EXPOSE I, 1.0, and Definition 1.1] that a set X is called 
il-small if X is isomorphic to an element in il, and that a category C is called an 
il-category if for any objects X, Y of C, the set Homc(X, E) is il-small. From 
now on, unless otherwise stated, a set is assumed to be il-small and a category is 
assumed to be a il-category. We use the terminology “collection” to refer to a set 
which is not necessarily il-small. A category C is called ii-small if the collection of 
objects of C is a set. 

2.1.1. Let C and V be categories. We call a contravariant functor from C to V 
a presheaf on C with values in V. When V is the category of il-small sets (resp. 
il-small abelian groups, resp. il-small rings with units), a presheaf on C with values 
in D is called a presheaf (resp. an abelian presheaf resp. a presheaf of rings ) on C. 

In this article, we will only consider presheaves of sets. In our future article, we 
will use some more general categories. 

2.1.2. Let C be a category and let X be an object of C. We let t)c{X) = 
Homc(—,Ar) denote the presheaf on C which associates, to each object Y of C, 
the set Homc(E, X). The presheaf i)c{X) on C is called the presheaf represented by 

X. 

We denote by ()c : C ^ Presh(C) denote the functor which associates, to each 
object X of C, the presheaf t)c{X) = Homc(—, AT) represented by X on C. It follows 
from Yoneda’s lemma that the functor t)c is fully faithful. 

2.1.3. A category C is called essentially il-small if C is equivalent to a il-small 
category, or equivalently, if there exists a set S of objects of C such that any object 
of C is isomorphic to an object which belongs to S. Let C be an essentially il-small 
category and let V he a category. Then the presheaves on C with values in V form 
a category, which we denote by Presh(C,D). When V is the category of il-small 
sets, we simply write Presh(C) for the category Presh(C,D). 

2.1.4. Let C be an essentially il-small category and let E be a presheaf on C. Let 
X be an object of C. We denote by yF,x the map 

(2.1) yF,x : Homp,esh(C)([lc(A),F) ^ F{X) 

which sends a morphism cj) : t)c(Y) —E of presheaves on C to the image of 
idjv € Home (Y, A) under the map (j){X) : Home (A, A) —>■ E(A). It follows from 
Yoneda’s lemma that the map yF,x is bijective. 

2.1.5. Let C and V be categories and let E : C —?> be a covariant functor. For 

an object A of V, we denote by the following category. The objects of are 
the pairs (Y, /) of an object Y of C and a morphism / : E(Y) —>■ A in X>. For two 
objects (Yi,/i) and (Y 2 ,/ 2 ) of /^, the morphisms from (Yi,/i) to (Y 2 ,/ 2 ) in 
are the morphisms g : Yi —7> Y 2 in C satisfying /^ = /2 o F{g). 

2.1.6. Let C be an essentially il-small category. Let us choose a full subcategory 
C' C C such that C is il-small and that the inclusion functor C ^ C is an equiva¬ 
lence of categories. We call such a full subcategory C' of C a il-small skeleton of C. 
We denote by tide ■ C —>■ Presh(C) the composite of the inclusion functor C ^ C 
with the functor tic- 

For an object G of Presh(C), let Iq denote the category . By definition, the 
objects of Ig are the pairs (A, ^) of an object A of C' and a morphism ^ : f)c (A) G 
in Presh(C). 
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For two objects and {X 2 ,^ 2 ) of Iq, the morphisms from to 

(-^ 2 ,'C 2 ) in Ig are the morphisms / : —>• X 2 in C' satisfying ^1 = ^2 o f)c(/)- 

This shows that the category Iq is it-small. For an object (X, of Iq, we let 
yG,xiO denote the element of G{X) which is the image of ^ under the bijection 

yG,x : Hompresh(C)(f)c(X),G) A G{X) in 

Let g : G ^ H he a. morphism in Presh(C). For an object (X, oi Iq, let gx,^ € 
H{X) denote the image of yG,x{0 ^ G(X) under the map G(X) —>• H{X) given by 
g. By varying (X, ^), we obtain an element (gx,^) in the limit C)GObj i 

It then can be checked easily that the map 

(2.2) Hompresh(C)(G,iL) ^ ^ iL(X) 

(x.5)eObj/G 

which sends g to {gx,() is bijective. 


2.2. Sieves and Grothendieck topologies. 


2.2.1. Let us recall the notion of sieve (cf. [SGA41 EXPOSE I, Definition 4.1], 
Areata, (6.1)]). Let C be a category and let X be an object of C. A 


SGA4i 


sieve on X is a full subcategory R of the overcategory C/x satisfying the following 
condition: let / : F —> X be an object of C/x and suppose that there exist an 
object 5 : Z —>• X of i? and a morphism h :Y —>■ Z in C satisfying f = g oh. Then 
/ is an object of R. 

For a sieve i? on X, we denote by flc(.R) the following subpresheaf of flc(X): for 
each object Y of C, the subset \]c{R)(Y) C t)c(X)(F) = Homc(F, X) consists of 
the morphisms f '.Y X in C such that / is an object of R. 


2.2.2. Let C and T> be categories, let X be an object of C, and let Y be an object 
of T>. Suppose that a covariant functor E : C/x —is given. For a sieve R on 
F, we denote by F*R the full subcategory of C/x whose objects are those objects 
/ : Z —>• X of C/x such that F{f) is an object of R. It is then easy to check that 
F*R is a sieve on X. 

Let G : C —E be a covariant functor. Suppose that G(X) = F and that F is 
equal to the covariant functor C/x —S’ T^/y induced by G. In this case we denote 
the sieve F*R on X by G*R. 

Let / : X —>■ Z be a morphism in C. Suppose that C — V^Y = Z, and F is equal 
to the covariant functor C/x ^ C/z which sends an object 5 : IF —5> X of C/x to 
the object f o g oi C/z- In this case we denote the sieve F*R on Y hy R xz X and 
call it the pullback of R with respect to the morphism /. 


2.2.3. For a morphism f '■ Y —>■ X in a category C, we let Rf denote the full 
subcategory of C/x whose objects are the morphisms g : Z —X in C such that 
g = f oh ioi some morphism h : Z —)• F in C. It is then easy to check that i?/ is a 
sieve on X. 

More generally, suppose that X is an object of a category C and that a family 
{fi ■ Yi —>■ X)i^i of objects of C/x indexed by a set I is given. We then let 
denote the full subcategory of C/x whose objects are the morphisms 5 : Z —>■ X in 
C such that g = fi o hi for some t € / and for some morphism : Z —>■ F in C. It 
is then easy to check that R(^f.').^j is a sieve on X. 
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2.2.4. 

Definition 1.1] 


Let us r ecall the notion of Grothendieck topology (cf. [SGA4I EXPOSE II, 
^ Areata, (6.2)]). Let C be a category. 


SGA4J 


Definition 2.2.1. A Grothendieck topology J on C is an assignment of a collection 
J{X) of sieves on X to each object A of C satisfying the following conditions: 

(1) Eor any object X of C, the overcategory C/x is an element of J{X). 

(2) Eor any morphism f : Y X in C and for any element R of J{X), the 
sieve R Xx Y on E is an element of JiY). 

(3) Let X be an object of C, and let i?, R' be two sieves on X. Suppose that 
R is an element of J{X) and that for any object / : E —>■ A of i?, the sieve 
R' Xx Y on E is an element of J{Y). Then R' is an element of J(A). 


Let J be a Grothendieck topology on C and let A be an object of C. We say 
that a morphism f : F ^c{X) of presheaves on C is a covering of A with respect 
to J if the image of / is equal to the subpresheaf \)c{R) of i)c{X) for some sieve R 
on A which belongs to J{X). We say that a morphism f : F ^ G oi presheaves 
on C is a covering with respect to J if for any object A of C and for any element 
f € G{X), the first projection from the fiber product i)c{X) xq F of the diagram 

(^^(X) G / F 

to f)c(A) is a covering of A with respect to J. When G = hc(A') for some object 
A of C, it follows from Condition (2) in Definition 12.2.11 that / is a covering with 
respect to J if and only if / is a covering of A with respect to J. Let (/^ : E^ —>■ Aj^g/ 
be a family of objects of C/x indexed by a set I. We say that is a family 

covering A with respect to J if the sieve R(fi)i^j on A belongs to J(A). 


2.3. Semi-localizing collections. 

Definition 2.3.1. Let C be a category. We say that a collection T of morphisms 
in C is semi-localizing if it satisfies the following conditions: 

(1) For any object A of C, the identity morphism idx belongs to T. 

(2) The collection T is closed under composition. 

(3) Let El ^ A E 2 be a diagram in C. Suppose that fi belongs to T- Then 
there exist an object Z in C and morphisms gi : Z ^ Yi and §2 '■ Z ^ Y 2 
such that 52 belongs to T and fiogi = /2 o 52 ■ 

Remark 2.3.2. The three conditions above are taken from [GZ, 1.2.2]. In their 
book, Gabriel and Zisman give a list of 4 conditions on a collection of morphisms 
in a category. They say that a collection admits a right calculus of fractions when 
the 4 conditions are met. In [GM, III.2.6], Gelfand and Manin call such collections 
“localizing”. Our conditions are the first 3 conditions of the 4 conditions. Therefore 
we say that the collection is “semi-localizing”. We note also that in Definition 10.3.4 
of the textbook [^, Condition (3) is called the Ore condition. 

2.3.1. 

Definition 2.3.3. Let C be a category and let T be a collection of morphisms in 
C. For an object A of C, we let Jt{X) denote the collection of sieves i? on A such 
that there exists an object / : E —>• A of i? which belongs to T. 
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Lemma 2.3.4. Let 1' he a semi-localizing collection of morphisms in a category 
C. Then the assignment Jj- of the collection J'j-{X) to each object X in C is a 
Grothendieck topology on the category C. 

Proof. We prove that Jj- satisfies the three conditions in Definition 12.2.11 

By the definition of a sieve, Cx is a sieve. Since idx belongs to Cx and T, 
the sieve Cx is an element of Jt{X). Hence Condition (1) in Definition 12.2.11 is 
satisfied. 

Let X be an object of C. It follows from Condition (1) in Definition 12.3.11 that 
the identity morphism idx : X ^ X in C belongs to T. This shows that the sieve 
C/x of X belongs to Jq-{X). Hence Jp satisfies Condition (1) in Definition 12.2.11 
Let f : Y X he a, morphism in C and let i? be a sieve on X which belongs to 
Jp(X). By the definition of Jp{X), there exist an object Z of C and a morphism 
g : Z —>■ X inC such that g belongs to T and that g is an object of R. It follows from 
Condition (3) in Definition 12. 3. II that there exist an object W of C and morphisms 
g' -.W and f'-.W^ZinC such that g' belongs to T and that fog' = go f. 
Since f o g' = g o f is an object of R, the morphism g' is an object ot R Xx Y. 
Since g' belongs T, the sieve R Xx H on F belongs to Jp{Y). This shows that Jp 
satisfies Condition (2) in Definition 12.2.11 

Let us turn to the proof of (3). Suppose R belongs to Jp{X). Then there exists 
an object / : F X oi R which belongs to T. Since R' Xx Y belongs to Jp{Y), 
there exists a morphism g : Z ^ Y in C such that g belongs to T and that the 
composite / o g is an object of R'. It follows from Condition (2) in Definition l2.3.11 
fog belongs to T. This shows that R' belongs to Jp{X). Hence Jp satisfies 
Condition (3) in Definition 12.2.11 This completes the proof. □ 

2.3.2. 

Definition 2.3.5. Let C be a category. For a collection T of morphisms in C, we let 
T denote the set of morphisms / : F —X in C such that there exists a morphism 
g : Z ^ Y satisfying f o g £T. 

Lemma 2.3.6. Let Y he a semi-localizing collection of morphisms in C. Then the 
collection Y contains T and is semi-localizing. 

Proof. Since the identity morphisms are contained in T, we see that T C T holds. 
In particular, Condition (1) is satisfied. 

Let f :Y ^ X and g : Z ^ Y he morphisms in C which belong to T. Then there 
exist objects F', Z' of C, and morphisms f':Y'^Y and g' : Z' ^ Z in C such 
that the composites f o f and g o g' are morphisms in C which belong to R. Since 
T is semi-localizing, there exist an object IF of C and morphisms g" : W ^ Y' and 
f" -.W ^ Z' in C such that g" belongs to T and that f'og" = gog'o f". Since 
T is semi-localizing, there exist an object F of C and a morphism h :V ^ W such 
that the composite f o f o g" o h is a morphism in C which belongs to T. Since 
if ° g) ° W ° f" ° h) = f o f o g" o h is a morphism in C which belongs to T, it 
follows from the definition of T that we have f o g ^ T. This shows that Condition 
(3) is satisfied. 

£ £ ^ 

Let Fi ^ X FF Y 2 be a diagram in C and suppose that fi belongs to T. Let 

us take a morphism /a : >3 —>• Fi in C such that fi o f^ belongs to T. Since the 
collection T satisfies Condition (3) in Definition 12.3.11 there exist an object Z in 
C and morphisms g 2 : Z ^ Y 2 and gs : Z ^ Y^ such that (72 belongs to T and 
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(/i o /a) ° 93 = f 2 o 92 - Since T C T, the morphism g 2 belongs to T and we have 
fi o (/a o 93 ) = 92 - This shows that Condition (3) in Definition [23d] is satisfied 

for f. □ 

2.3.3. 

Lemma 2.3.7. Let T be a collection of morphisms in a category C. Then For any 
objeet X of C, we have J'f{X) = J;^{X). 

Proof. Let X be an object of C. Since T C T, we have Jt{^) C Jf{X). Hence 
it suffices to prove Jf{X) C J-riX). Let i? be a sieve which belongs to Jj^{X). 
Then there exists an object f '■ Y —5> X of i? which belongs to T. It follows from 
the definition of F that there exists a morphism g : Z ^ Y in C such that the 
composite fog belongs to T. Since / o g is an object of R, it follows that the 
sieve R belongs to J-r{X). This proves that Jf{X) C J-r{X). This completes the 
proof. □ 

2.4. H-topologies. 

Definition 2.4.1. We say that a Grothendieck topology J on a category C is an 
A-topology if there exists a semi-localizing collection F of morphisms in C such that 
J = Jp-. Such a collection T is called a basis of the A-topology J. 

Definition 2.4.2. For a Grothendieck topology J on a category C, we let F{J) 
denote the collection of morphisms f '.Y —5> X in C such that Rf belongs to J{X). 

Proposition 2.4.3. Let J = Jj- be an A-topology on a category C. Then F{J) = F 
and it is a basis of the A-topology. 

Proof. It follows from the definition of T(J) that we have F{J) = F. Hence from 
Lemma [2.3.61 we conclude that F{J) is semi-localizing. Using Lemma [2.3.71 we 
have J = Jt(j)- This proves the claim. □ 

It follows immediately from the definition that any basis of an H-topology J is 
contained in T(J). 


2.4.1. Semi- CO filtered, atomic topology. 

Definition 2.4.4. We say that a category C is semi-cofiltered if the collection 
Mor(C) of the morphisms in C is semi-localizing. 

Set F = Mor(C). Then Conditions (1)(2) of Definition 12.3.11 are satisfied auto¬ 
matically. Hence a category C is semi-cofiltered if and only if F satisfies Condition 
(3). In g\ A.2.1.11 (h)] it is suggested to use the terminology “the right 0re con¬ 
dition” for this Condition (3). 

When C is semi-cofiltered, we call, following m and [MMl p. 115], the Grothendieck 
topology JMor(C) on C the atomic topology on C. 


2.5. Sheaves for A-topology. 
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2.5.1. Let C be an essentially il-small category and let J be a Grothendieck topol¬ 
ogy on C. Let F be a presheaf on C. For an object X of C and for an element R of 
J{X), we let 

y c. V 

CF,XM ■ Fix) -^ Hompresh(C)(flc(-’^),-F) —^ Hompresh(C)(f)c(^),^) 

denote the map given by the composition with the inclusion f)c(F) -5- t)c{X). 

We say that a presheaf F on C is J-separated (resp. a J-sheaf, or simply a 
sheaf if the topology is clear from the context) if the map cf,x,r is injective (resp. 
bijective) for every object X of C and for every element R of J{X). We denote by 
Shv(C, J) C Presh(C) the full subcategory of J-sheaves on C. We will use separated 
presheaves in our future paper. 

Proposition 2.5.1. Let F be a semi-localizing collection of morphisms in an es¬ 
sentially if-small category C. Then a presheaf F on C is a Jp-sheaf if and only if 
the following eondition is satisfied: 

(*): For any object X of C and for any morphism f : Y ^ X in C which 
belongs to T, the map CF,x,Rf is bijective. 

Proof. The “only if’ part is easy, since for any f : Y —> X in T, it follows from the 
definition of Jp that the sieve Rf belongs to Jp. 

We prove the “if’ part. Let F be a presheaf on C that satisfies the condition (*). 
Let X be an object of C and let R be an element of Jp{X). We prove that the 
map cf,x,r is bijective. It follows from the definition of Jp{X) that there exist 
an object F of C and a morphism f : Y X in C such that / belongs to F and 
that / is an object of R. Then Rf is a full subcategory of R and hence f)c(F/) is 
a subpresheaf of f)c (F). Let 

c : Hompresh(c)(i)c(F),F) Hompresh(C)(flc(F/), F) 

denote the map given by the composition with the inclusion f)c(F/) -5- l)c(F). We 
then have CF.x,Rf = cocf,x,r- By assumption, the map CF,x,Rf is bijective. Hence 
it suffices to prove that the map c is injective. 

Suppose that the map c is not injective. Then there exist two elements ai,a 2 € 
Hompresh(C)(i)c(F), F) such that ai F and c(ai) = c(q; 2 )- For i = 1, 2 and for an 
object Z of C, we let aiiZ) : \lon\c{Z,hc{R){Z) F{Z) denote the map induced 
by ai on the sections over Z. Since ai 02 , there exist an object g -. Z ^ X in R 
such that ai{Z)ig) F c« 2 (F)( 5 ). Since T is semi-localizing, there exists an object 
IF in C and morphisms f'lW^Z and g' :W ^Y such that /' belongs to T and 
that go f = fog'. 

Since go f = fog', the composite go f is an object of Rf. Since c(ai) = c(a 2 ), 
the two elements ai{Z)ig), a2{Z){g) G F{Z) are mapped to the same element of 
F(IF) under the pullback map F{Z) —>■ F(IF) with respect to /'. This shows that 
the images of aiiZ){g), a 2 iZ)ig) G F(Z) under the map CF,z,Rf, coincide. Since f 
belongs to F, the map cp^z.Rp is bijective. Hence we have oi (F)( 5 ) = 02 (F)( 5 ), 
which leads to a contradiction. This completes the proof. □ 

Lemma 2.5.2. Let C be a category and let f : Y — > X be a morphism in C. 
Let us consider the sieve Rf on X. Let e/ : f)c(F) —> \]c(Rf) denote the mor¬ 
phism of presheaves on C defined as follows: for each object Z of C, the map 
ef(Z) : l}c(Y){Z) = Homc(F, Y) —>■ f)c(F/)(F) sends g G Homc(F, Y) to f o g ^ 
()c(F/)(F). Then for any presheaf F on C, the map Homp,.esii(c) (()c(F/),F) —> 
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Hompresh(c)(f)c(^);-P) F(Y) is injective and its image is equal to the equal¬ 
izer of the two maps Hompresh(C)(l)c(>"),-F) ^ Hompresh(C)(l)c(>") X(,£.(x) -F) 

given by the composition with the first and the second projections f)c(^) x^ci^) 

Proof. It follows from the definition that the subpresheaf t}c{Rf) of ^c{X) is equal 
to the image of the morphism t)c(/) : ^c{Y) —>• t)c(-^) and the induced epimorphism 
^ciY) t)c{Rf) is equal to e/. From this we see that the inclusion i)c{Y) 

^c{Y) ^c{Y) X i)c{Y) is an equivalence relation in Y in the sense of |SGA3[ 

EXPOSE IV, 3.1], and that the object i)c{Rf) together with morphism e/ is the 
quotient object (in the category Presh(C)) of i)ciY) by this equivalence relation. 
Hence the claim follows. □ 

Corollary 2.5.3. Let C be a category and let T be a semi-localizing collection of 
morphisms in C. Then a presheaf F on C is a J-p-sheaf if and only if for any 
morphism f '■ Y X in C which belongs to T, the map F{f) : F{X) F(Y) is 
injective and its image is equal to the equalizer of 

F{Y) ^ Homp,esh(C)(f}c(V),F) ^ Homp,esh(C)(f)c(V) l)c(V),F). 

Proof. This follows from Proposition 12. 5. H and Lemma 1^5.21 □ 

3. Galois coverings 

We define what it means for a morphism in a category to be a Galois covering. 
Then we define what it means for a topology to have enough Galois coverings. In 
Section [3721 we collect some general nonsense concerning quotient objects in a cate¬ 
gory. It is necessary to make this notion precise since we deal with automorphisms 
of an object. 

3.1. Galois coverings. 

3.1.1. Let X be an object of a category C. Let Yi and I 2 be objects of C and 
suppose that morphisms /i : Yi —>■ V and fi'.Y-i^X are given. We say that 
a morphism (resp. an isomorphism) g : Yi —> Y 2 in C is a morphism (resp. an 
isomorphism) over X ii f 2 o g = fi. In other words, g is a morphism (resp. an 
isomorphism) over X if it is a morphism (resp. an isomorphism) from fi to /2 in 
the overcategory C/x- The set of morphisms (resp. an isomorphism) from Yi to 
Y 2 over X is denoted by Homx(Yi, Y 2 ) (resp. by Isomx(Yi, Y 2 )). For a morphism 
f : Y X in C, we write Endx(Y) (resp. Autjf(Y)) for Homx(Y,Y) (resp. 
Isomjjf (Y, Y)). The set Endjf(Y) forms a monoid with respect to the composition 
of morphisms, and Aut (Y) is equal to the group of invertible elements of Endx (Y). 

Definition 3.1.1. Let S' be a set on which a group G acts from the left. We say 
that a map fi : S ^ S' of sets is a pseudo G-torsor if the following three conditions 
are satisfied: 

(1) We have fi{gs) = fi{s) for any g € G and for any s £ S. 

(2) The group G acts freely on S. 

(3) The map G\S —>■ S' induced by fi is injective. 

Definition 3.1.2. Let C be a category and let / : Y —>■ A be a morphism in C. We 
say that / in C is a Galois covering if there exists a group G and a homomorphism 
p : G ^ Autjs:(Y) of groups such that the following condition is satisfied: for any 
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object Z of C, the map Homc(^, V) —Homc(^, X) given by the composition with 
/ is a pseudo G-torsor. Here each g € G acts on Homc(^, H) by the composition 
with p{g). 

3.1.2. Let f '.Y —5> X be a Galois covering. The fiber product of / and / has the 
following description. Let p : G ^ Autx(l^) be a homomorphism as in Definition 
13.1.21 Then it can be checked easily that the diagram 

U,ep(G)t)c(r) t)c(r) 

pi I 

t)ciY) f)c(A) 

is cartesian, which induces an isomorphism from the coproduct U,ep(G) t)c(r) 
to the fiber product i}c{Y) Xt,c(x) f)ciY). Here pi (resp. P 2 ) is the morphism 
UpepfG) —t ^c{Y) whose component g G p{G) is the morphism he( 5 ) (resp. 

the identity morphism on hc(b")). 

Lemma 3.1.3. Let C be a category and let f : Y ^ X in C be a Galois covering 
in C. Let p : G ^ Autjv(T) be the group homomorphism satisfying the condition 
in Detinition \3.1.2\ Then we have Autv:(T) = Endx(T) and p is an isomorphism. 

Proof. Let (f : Homc(T,F) —> Homc(y, X) denote the map given by the com¬ 
position with /. Then cf is a pseudo G-torsor. Since 4>~^{f) = (^“^((/)(idv)) is 
non-empty, the group G acts simply transitively on (j)~^{f). Since G C Autv(X) C 
0“^(/), it follows that G = Autv(X) = (j)~^{f). This proves the claim. □ 

3.1.3. Enough Galois coverings. 

Definition 3.1.4. Let C be a category and T be a collection of morphisms in C. 
Let T' C C be the collection of Galois coverings. We say that T has enough Galois 
coverings if T' = T. We say that an A-topology J on C has enough Galois coverings 
if T(J) has enough Galois coverings 

Corollary 3.1.5. Let C be a category and let J be an A-topology on C. Suppose 
that J has enough Galois coverings. Then a presheaf F on C is a sheaf if and only 
if for any object X of C and for any Galois covering f :Y —>■ X in C which belongs 
to T{J), the map F{f) : F{X) FlY) is injective and its image is equal to the 
Autx{Y)-invariant part of F{Y). 

Proof. This follows from Lemma 13.1.31 Corollary 12.5.31 and the remark in Sec¬ 
tion 13.1.21 □ 

3.2. Quotient objects. In this paragraph we recall the notion of quotient object 
by an action of a group in a general category and prove some of the basic properties. 
Definition 3.2.1. Let C be a category, Y an object in C, and G a subgroup of 
Autc(F). A quotient object X of T by G is an object in C equipped with a 
morphism c : X —> G\X in C satisfying the following universal property: for any 
object Z in C and for any morphism f : Y Z in C satisfying fog = f for all 5 G G, 
there exists a unique morphism f : X ^ Z such that f = f o c. In other words, a 
quotient object X is an object in C which co-represents the covariant functor from 
C to the category of sets which associates, to each object Z G C, the G-invariant 
part flomc(Y, Z)^ of the set Homc(X, Z). We call the morphism c : X —>■ X the 
canonical quotient morphism. 
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3.2.1. A quotient object of F by G is unique up to unique isomorphism in the 
following sense. Suppose that both ¥[ and Y 2 are quotient objects of Y by G. We 
denote by ci : 1" —> Y/ and C 2 : Y —>■ Y 2 the canonical quotient morphisms. Then 
there exists a unique isomorphism a : Y/ ^ Y 2 satisfying a o ci = C 2 . This claim 
follows easily from the universality of quotient objects. We use the symbol G\Y to 
denote any quotient object of Y by G. 

3.2.2. There is another equivalent way of defining a quotient object. Let *g denote 

the category such that *g has only one object that the set Hom*j,(=i=, *) is equal 
to G, and the composite of morphisms and the identity morphism are given by the 
group structure of G. Then the quotient object of Y by G is nothing but a colimit 
in the category C of the diagram —>■ C which sends * to Y and which sends 

g ^ * io g :Y —5> Y for all g € G. 

Lemma 3.2.2. Let the notation as in DeRnition \S. 2.1\ Then the canonical quotient 
morphism c : Y ^ G\Y is an epimorphism. 

Proof. Suppose that there exist an object Z G C and morphisms fi, f 2 '■ G\Y —>■ Z 
satisfying /i o c = /2 o c. We prove that fi = f 2 - 

We set / = /i o c = /2 o c. It follows from the definition of G\Y that there exists 
a unique morphism / : G\Y —>■ Z such that / = / o c. By the uniqueness of /, we 
have /i = /2 = /• This proves the claim. □ 

Lemma 3.2.3. Let C be a category and let C C C be a full subcategory. Let Y be 
an object in C, and G be a subgroup 0 /Autc(Y). Suppose that a quotient object 
G\Y of Y by G in C exists and that G\Y is isomorphic in C to an object Z in C . 
Then Z is a quotient object ofY by G in C . 

Proof. The universality of Z can be checked easily. □ 

Lemma 3.2.4. Let C be a category and let J be a Grothendieck topology on C. 
Suppose that any representable presheaf on C is a J-sheaf. Let f : Y ^ X be a 
Galois covering in C such that the sieve Rf on X belongs to J{X). Then the object 
X of C together with the morphism f is a quotient object ofY by Autx(Y). 

Proof. Let Z be an arbitrary object of C. It suffices to show that the map Hom(A, Z) 
Hom(Y, Z) given by the composition with / is injective and its image is equal to 
the Autx(Y)-invariant part Hom(Y, Z). Since f)c(^) is a J-sheaf and Rf belongs 
to J{X), this follows from Corollary I3.1.51 □ 

4. B-SITES 

We define B-sites in this section and study their properties. The reader will find 
in Section 14.21 that the basic statements from Galois theory also hold true in our 
setting. Section 14.31 contains a technical proposition and its corollary. This is one 
place where it is very different from the classical Galois theory. In the classical case, 
the underlying category of the site contains a final object. In that case the proofs 
of those statements are much easier. In Section 14.41 we assume that the B-site 
has enough Galois coverings, and give an explicit description of the sheafification 
functor in terms of the Galois coverings. This will be used in Section I^Tl 
We will use the convention for the terminology “poset” as in Section 15.11 
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4.1. ^-categories. 

Definition 4.1.1. We say that a category C is an i^-category if every morphism 
in C is an epimorphism. 

fl f2 

Lemma4.1.2. LetC be a category. LetYi —> X i — Y 2 be a diagram inC. Suppose 
that /2 is a Galois covering in C. Then for any two morphisms hi,/i 2 '■ Xi ^ Y 2 
which are over X, there exists a unique element g S Autx(l 2 ) satisfying hi = go/ 12 ■ 

Proof. Let a : Home( 11 , 12 ) —t Homc(yL, A) denote the map given by the compo¬ 
sition with / 2 . We have a{hi) = a{h 2 ) = fi. Since /2 is a Galois covering, it follows 
from Lemma ri.1.31 that a is a pseudo Autx(l 2 )-torsor, i.e., the group Autx(l 2 ) 
acts simply transitively on the set a“^(/i). This proves the claim. □ 


Lemma 4.1.3. Let C be an E-category. Let f : Y ^ X he a Galois covering in 
C. Suppose that f is written as the composite f = fi o f 2 of two morphisms in C. 
Then f 2 is a Galois covering in C. 


Proof. Let X' denote the target of the morphism / 2 . The group Autx'(L) is a 
subgroup of the group Autx(L)- It suffices to show that, for any commutative 
diagram 


Z —^ Y 


h' 


A 


Y —^ X', 

there exists a unique automorphism g € Autx'(T) satisfying h' = g o h. Since / 
is a Galois covering, there exists a unique automorphism g G Autx(l") satisfying 
h' = g o h. Hence to prove the claim, it sufhees to prove that g G Autx'(Y). We 
have f 2 ° g o h = f 2 o h' = f 2 o h. Since h is an epimorphism, we have f 2 ° g = f 2 - 
Hence we have g G Autjs:/(y), which completes the proof. □ 


4.2. H-sites. We write (C, J) to denote a site whose underlying category is C and 
whose Grothendieck topology is J. 

Definition 4.2.1. A H-site (C, J) is a site satisfying the following conditions: 

(1) C is an A-category. 

(2) J is an A-topology 

(3) For any diagram Z Y A A in C, the composite go f belongs to T( J) if 
and only if / and g belong to T(J). 

It follows from ProDOsition l2.4.3] that if go / G T(J) then g G T{J). Hence we may 
replace Condition(3) above by the weaker condition: If go / G T( J) then / G T(J). 

Let (C, J) be a H-site. We say that a morphism f : Y —A in C is a Galois 
covering in T(J) if / belongs to T{J) and / is a Galois covering in C. 

Example 4.2.2. Here we give a basic example of a B-site. Let S be a connected 
noetherian scheme. Let us consider the full subcategory EtGonns of the category of 
schemes over S whose objects are connected S-schemes which are finite Stale over 
S. Then the category EtConns is semi-cofiltered, and the pair o/EtGonns and the 
atomic topology is B-site. 

If we do not assume them to be connected, Gondition (3) is not satisfied. 
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fl f2 

Lemma 4.2.3. Let {C,J) be a B-site. Let Yi —> X i — Y 2 be a diagram in C. 
Suppose that fi is a Galois covering in T{J) and that there exists a morphism 
h :Yi ^ Y 2 over X. Then 

(1) For any commutative diagram 

Z > Yi 

'■I !'■ 


in C, there exists an automorphism g € Autx(Li) such that /{ = ho g o f^. 
Moreover the morphism h o g is uniquely determined by the commutative 
diagram above. 

(2) The group Autx(i^i) acts transitively on the set Homx(Li,L 2 ) and the 
diagram 

IJ?teHomx(Ti,T2) ^c{Yl) 

AI 

f)c(>2) f)c(X) 

in Presh(C) is cartesian. Here /{ denotes the morphism whose component 
at h is the identity map for every h, and denotes the morphism whose 
component at h is equal to hc{h). 


Proof. Let the notation be as in the claim (1). Observe that by Condition (3) of 
Definition 14.2.11 the morphism h belongs to T{J). Since T(J) is semi-localizing, 
there exist an object Z' of C and morphisms h' ■. Z' ^ Z and /" : Z' ^ Yi in C 
such that h' belongs to T[J) and that the diagram 


Z' _ — _>. Z 





is commutative. 

Set h" = f 2 o h' : Z' ^ Yi. Since both h" and /" are morphisms over X and 
fl is a Galois covering, it follows from Lemma 14.1.21 that there exist an element 
g € Autx(Li) satisfying fi=go h". Hence we have f[oh' = ho f'f = ho goh" = 
ho go f^oh'. Since C is an i?-category, the morphism h' is an epimorphism. Hence 
we have f[ = ho go f^. The uniqueness oi ho g follows since f^ is an epimorphism. 
This proves the claim (1). 

Let the notation be as in the claim (2). Let ^2 : Yi —>■ Y 2 be any morphism in C 
over X. We apply the claim (1) to the commutative diagram 
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There exists an automorphism g € Autjc(yi) such that h 2 = h o g. This proves 
that the action of Autx(hi) on Homx(hi,T 2 ) is transitive. The rest of the claim 
(2) follows as an immediate consequence of the claim (1). □ 

fl f'2. 

Corollary 4.2.4. Let {C,J) be a B-site. Let Yi X he a diagram in 

C. Suppose that fi is a Galois eovering in T{J) and that there exists a mor¬ 
phism h : Yi ^ Y 2 over X. Then for any morphism f':Z^Yi in C, the map 
Homx(Yi, Y 2 ) ^ HomxiZjYz) given by the composite with f' is bijective. 

Proof. The injectivity follows since f' is an epimorphism. We prove the surjectivity. 
Let h' : Z ^Y 2 he a morphism over X. It follows from Lemma r4.2.3l 111 that there 
exists an automorphism g S Autx(YL) such that h' = ho g o f. This proves the 
surjectivity. □ 


4.2.1. Let f ■ Y —^ A be a morphism in a category C. Let a : Y —y Y and 
a : X ^ X be automorphisms in C. We say that a descends to a via /, or that a 
ascends to 5, if the diagram 

Y Y 

(4,1) /[ 

A A 


is commutative. We say that an automorphism a G Autc(Y) descends to A via 
/ if it descends to some element in Autc(A). Suppose that the morphism / is an 
epimorphism. Then if a G Autc(Y) descends to A via /, then it descends to a 
unique element in Autc(A) via /. 






Lemma 4.2.5. Let C be a category. Let Y ^ X 4 —W he a diagram in the 
category C. Suppose that f is a Galois covering in C. 

(1) Any automorphism g G Autw(Y) descends to a unique element in g & 
Autvv(Y) via f. 

(2) The map Autw(^) ^ Autw(Ai) which sends g to g is a group homomor¬ 
phism. 


Proof. We apply Lemma 14.1.21 to the two morphisms f,fog:Y —>■ A over W. 
There exists a unique element g G AutiY(A) satisfying fog = g o f. Hence g 
descends to g via /. This proves the claim (1). 

The claim (2) follows from the uniqueness of g G Ante (A) to which g descends 
via /. □ 

/ f' 

Lemma 4.2.6. Let {C,J) be a B-site. Let Y ^ X 4—^ W be a diagram in C such 
that the composite f'ofisa Galois covering in 'T{J). 

(1) Any automorphism in Auti44(Ar) ascends to an automorphism in Autw(Y) 
via f. 

(2) /' is a Galois covering if and only if any automorphism in Autvv(d^) de¬ 
scends to an automorphism in Autw(A) via f. 

(3) Suppose that f is a Galois covering. Then the group homomorphism Autw(Y) —)• 
Autw(A) in Lemma\4-.2.5\ induces a short exact sequence 


1 —y Autx(Y) —y AutvK(d^) —^ Aut^/v^A) —y 1 
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of groups. 

Proof. The claim (1) follows from Lemma [4.2.31 

Suppose that any automorphism in AutvF(T) descends to an automorphism in 
AutvE(A'). Let /" : W W he a morphism in C. Since C is an A-category, the 
group AutvE(A) acts freely on the set \Iouy\y{W,X). Hence to prove that /' is 
a Galois covering, it suffices to prove that the group Autw(A') acts transitively 
on the set \lom.w{W,X). Let hi,h 2 : W —>■ A be morphisms over W. Since / 
belongs to T(J) and T(J) is semi-localizing, there exist an object W" of C and 
morphisms h'^ : W Y and /2 : W W such that /2 belongs to T{J) and 
that f o h'l = hi o f 2 . It then follows from Lemma 14.2.31 (1) that there exists 
an automorphism g € Autw(H) satisfying h 2 o f 2 = f og o h'l. By assumption, 
the automorphism g descends to an automorphism g G Autw(A) via /. Hence 
^ 20/2 = f o h[ = g o f o h I = g o hi o f 2 . Since /2 is an epimorphism, we have 
/i 2 = go hi. Hence the group Autw(A) acts transitively on the set Homw(IL', A). 
This proves that /' is a Galois covering if any automorphism in Autw(A) descends 
to an automorphism in Autvi/(A). The converse follows immediately from Lemma 
14.2.51 This proves the claim (2). 

It follows from the claim (I) that the homomorphism Autw(A) —5> AutvE(A) 
is surjective. It is easy to see that the kernel of this homomorphism is equal to 
Autx(A)- This proves the claim (3). □ 

4.3. Cofinality. 

4.3.1. For a poset P, we denote by 'P°p the dual of the poset P, regarded as a 
il-small category. Let C be a category and let F : P°p —>• C be a covariant functor. 
Let (A, ify)yep) be a pair of an object A of C and a morphism fy : X ^ F{y) in 
C for each y € P. We say that the pair (A, {fy)y^p) is an object of C over F if for 
any yi, 1/2 S P with yi < 1 / 2 , we have /yj = F(g) o fy.^^ where g denotes the unique 
morphism from y 2 to yi in P°p. 

Proposition 4.3.1. Let C be a category which is semi-eofiltered. Let P be a non¬ 
empty finite poset. Suppose that P is a rooted tree, whieh means that P has the 
bottom element and for any element y G P, the subset {z G P \ z < y} is a totally 
ordered set. Let P°p denote the dual of the poset P, regarded as a ii-small category. 
Let F : P°p C be a covariant functor from P°p to C. Then there exists an object 
iXdfv)vep) ofC overF. 

Proof. We proceed by induction on the cardinality of P. If P consists of a single 
element y, then A = P(y) and fy = idjv satisfies the desired property. Suppose 
that P consists of more than two elements. Since P is a finite poset, there exists 
a maximal element z G P. Set P' = P \ {z}. Then P' is again a tree. Let 
F : P°P ^ C be a covariant functor. We denote by P' the restriction of F to 
P'°P. By the induction hypothesis, there exists an object (A', {fy)y^p') in C over 
F'. We let z' G P' denote the maximal element of the finite totally ordered set 
{yGP'|y<z}. Let f : z ^ z' denote the unique morphism in P°p. Let us 
consider the diagram 

P(z) P(z') A' 

in C. (We wrote A' for the source of /'/.) Since C is semi-cofiltered, there exist 
an object A of C and morphisms /' : A —>■ F{z) and y' : A —>■ A' in C satisfying 
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F{f) ° /' = f'z' o g'- We set /^ = /' o g' for y € P' and fz = /'• It is then 
straightforward to check that the pair {X, {fy)y^p) is an object in C over F. This 
proves the claim. □ 

4.3.2. When T is a semi-localizing collection of morphisms in C, recall that we 
have T = T(J) where J is the A-topology associated to T. We let C{T{J)) denote 
the following subcategory of C. The objects ofC{T{J)) are the objects of C. For two 
objects X, Y of C, the morphisms from XtoY in C{T{J)) are the morphisms from 
X to T in C which belong to T. It follows from Lemma [2.3.61 that the composition 
of morphisms in C{F{J)) is well-defined. 

Corollary 4.3.2 (cofinality). Let (C, J) be a B-site. Suppose that T{J) has enough 
Galois coverings. Let P be a finite poset. Suppose that P is a rooted tree. Let P°'^ 
denote the dual of the poset P regarded as a small category. Let F : ^ C 

be a covariant functor such that F{h) belongs to F{J) for any morphism h in 
P°'P. Then there exists an object {X, ify)y^p) of C over F such that the morphism 
fy : X ^ F{y) is a Galois covering in T[J) for each y € P. 

Proof. Set T = T{J). Recall that T = T. It follows from the definition that 
C{T{J)) is semi-cofiltered. 

We regard F as a covariant functor from P°p to C{T{J)). It follows from Propo¬ 
sition |43T] that there exists an object {X', {fy)y^p) of C{T{J)) over F. Let yo € P 
denote the bottom element. Since T( J) has enough Galois coverings, there exist an 
object X oi C and a morphism h : X ^ X' in C such that h belongs to T{J) and 
that the composite fy^ o h is a Galois covering. For each y € P,we set fy = fyO h. 
Then {X, {fy)y^p) is an object in C over F. Since the morphism fy^ factors through 
fy, it follows from Lemma [4.1.31 that fy is a Galois covering in T{J). This proves 
the claim. □ 

4.4. An explicit construction of the sheafification functor. Let (C, J) be a 

R-site. Suppose that C is essentially il-small. In the paragraphs below, we give an 
explicit description of the sheafification functor aj : Presh(C) —^ Shv(C, J) when 
there are enough Galois coverings. 

4.4.1. Let us fix a set G of objects of C such that any object of C is isomorphic 
to an object which belongs to G. Let F : C°p ^ (Sets) be a presheaf on C. In 
the following paragraphs we give a description of the sheaf aj{F) : C°p —>■ (Sets) 
associated to F. 

4.4.2. For an object X of C, we let Gal/A denote the following category. The 
objects in Gal/A are the pairs (Y, f) of an object A of C which belongs to G and 
a morphism f : Y —^ A in C which is a Galois covering in T(J). For two objects 
(Yi,/i) and (Y 2 ,f 2 ) of Gal/A, the set of morphisms from (Yi, fi) to (Y 2 ,f 2 ) in 
Gal/A is the set Autjf(y 2 )\IIomx(Ai, A 2 )- It is clear that the category Gal/A is 
il-small. It follows from Lemma [4.1.21 that for any two objects (Ai,/i) and {Y 2 , f 2 ) 
of Gal/A, there exists at most one morphism from (Ai,/i) to (^ 21 / 2 ) in Gal/A. 
Hence the composition of two morphisms is well-defined. It follows from Lemma 
14.3.21 that the category Gal/A is cofiltered. 

Let A be an object of C. For an object (Y, f) of Gal/A, we set F/x{Y,f) = 
^(y-)Autx(i')_ Lgi; (Yi, /i) and (^ 25 / 2 ) be two objects of Gal/A and let h ■. Yi ^ Y 2 
be a morphism over A. Then it follows from Lemma [4.1.21 that the map F{h) : 
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FiY 2 ) F{Fi) sends an element in the Autjc(h 2 )-invariant part F/x{Y 2 , f 2 ) C 
F{Y 2 ) to an element in F/xO^i, fi)- The induced map F/x{h) : F/x{Y 2 , f 2 ) 
F/x{Yi, fi) depends only on the class of the class of h in Autjc(T 2 )\Homj(:(id, ^ 2 )- 
We obtain a contravariant functor Fjx from Gal/A to the category of sets. 

For an object {Y, f) of Gal/A, Lemma [2.5.21 gives a bijection F/x{Y,f ) = 
Hompresh(c)(f)c(.R/)) F) which is functorial in (Y, /). It follows from Definition l2.3.1l 
and from that there are enough Galois coverings, the set {Rf \f € Obj Gal/A} is 
cofinal in the collection J(A). Hence it follows from the construction of the sheafi- 
fiction functor, given in Section 3 of [SGA41 EXPOSE II], that we have a bijection 

(4.2) ajiF){X) ^ l^F^x := Ih^ F/xiY, /) 

(YJ) 

where the colimit is taken over the objects in the il-small category Gal/A. 

4.4.3. Let / : A —>■ A' be a morphism in C. We give a description of the restriction 
map aj{F){f) : aj{F){X') aj{F){X) via the bijection (I4.2|l . Let Gal// denote 
the full subcategory of Gal/A whose objects are the pairs {Y, h) in Gal/A such 
that the composite f oh : Y A' is a Galois covering in C. It follows from Lemma 
14.3.21 that the subcategory Gal// is cofinal in Gal/A. 

To each object (Y, h) in Gal//, we associate the object (Y, f oh) in Gal/A'. It 
is easy to check that this defines a functor Gal// Gal/A'. 

Lemma 4.4.1. The functor Gal// Gal/A' is fully faithful, and its image is 
cofinal in Gal/A'. 

Proof. First we prove that the functor is fully faithful. Let f[ : Yi ^ X and 
/2 • T 2 —!> A be Galois coverings such that both / o /( and / o /^ are Galois 
coverings, and let h : Yi ^ Y 2 he a morphism over A'. It suffices to prove that 
there exists an automorphism g S Autx'(k 2 ) such that goh is a morphism over A. 
We apply Lemma r4.2.3l (1) to the commutative diagram 

Ai ^2 

fl / 0/2 

A —^ A'. 

There exists g € Autjf'(^ 2 ) such that /( = f^ o g o h. This proves that the functor 
is fully faithful. 

The cofinality of the image of this functor follows from Gorollary 14.3.21 □ 

4.4.4. We define the map /* : limF/x' hf^F/x as follows. Since Gal// is 
cofinal in Gal/A, the set lin^F/x is equal to the colimit 

Ih^ Ffx I Gal// : = lim F/x{Y,h) 

(y,Ii)eObj Gal// 

of the restriction of F/x to Gal//. It follows from Lemma [4.4.11 that VrmF/x' is 
equal to the colimit 

lh§ F/x’\Ga\/f ■= Ih^ Fix' (Y, f oh) 

(y,Ii)eObj Gal// 
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of the restriction of to Gal//. The inclusion map /o/i) = ^ 

^(y)Autx(>") _ Ffx{Y,f) for each object (T, h) in Gal// gives a natural trans¬ 
form T/x'Icai// “t T/xIcai//- Passing to the colimit we obtain the desired map 
/* : lirnf/x' —>■ lirn f/x- 

It then follows from the construction of aj{F) given in Section 3 of |SGA41 
EXPOSE II] that via the bijections (|4.2I1 for X and X', the map /* gives the 
restriction map aj{f) : aj{F){X) —5> aj{F){X'). 

5. Grid, fiber functor, Galois monoid of a E-site 

The main aim of this section is to state our main theorem (Theorem 15.8.ip . 

We define what we call a E-site, which is a B-site satisfying some more condi¬ 
tions. We define a pregrid and a grid of such a site. When we are considering the 
etale site of the spectrum of a field, the pregrid and the grid are analogues of the 
algebraically closure of the field. A pregrid may also be regarded as an analogue of 
the maximal tree associated to a graph. 

To a grid, we associate an analogue of the fiber functor (in the sense of Galois 
category theory). We also have an analogue of the absolute Galois group, which 
turns out to be a monoid (not necessarily a group) with certain family of specified 
submonoids. 

We prove in Section [ 6 ] that under certain conditions on cardinality, a grid of a 
E-site exists. 

The main theorem states that, under some cardinality assumptions, when a grid 
exists, we have the equivalence of categories of sheaves on the site and the smooth 
sets of the absolute Galois monoid. 

In Sections 15.11 and 15.21 we give some convention on the term poset and define 
the term quasi-poset. This is only to fix terminology: we regard a partially ordered 
set naturally as a category and we call that poset in this article. A quasi-poset is a 
category which is similar to and almost a poset. In Section [231 we have a lemma on 
the non-emptiness of certain projective limit. This will be used in Section [2] where 
we construct a pregrid of a E-site assuming certain cardinality conditions. 

5.1. Convention: Posets. By a partially ordered set, or a poset, we mean a set 
equipped with a partial order. We assume throughout that the partial order is 
antisymmetric. 

Let P be a poset. Let Cp denote the following category. The objects of Cp are 
the elements of P. For two elements x,y of P, there exists at most one morphism 
from X to y in Cp and there exists a morphism from x to y if and only it x < y. The 
assignment that sends a partially ordered set P to the category Cp is a functor from 
the category of partially ordered sets to the category of categories. This functor is 
faithful. 

In what follows, we regard a poset as a category by the functor above. By abuse 
of notation, we say that a category is a poset if it lies in the image of the functor 
above. 

5.2. Quasi-posets. 

Definition 5.2.1. We say that a category C is a quasi-poset if the following two 
conditions are satisfied: 

(1) The category C is non-empty and essentially il-small. 
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(2) The category C is thin, i.e., for any two objects X, Y of C, there exists at 
most one morphism from X to 1" in C. 

Let C be a quasi-poset satisfying the following condition. 

(3) The category C is skeletal, i.e., any two objects of C which are isomorphic 
are equal. 

Then C is a poset. 

5.2.1. Let C be a quasi-poset. Then there exists a poset subcategory (i.e., a sub¬ 
category which is a poset) Ci of C such that the inclusion functor i : Ci ^ C is an 
equivalence of categories. The subcategory Ci is unique in the following sense: for 
any other such poset subcategory i' : C( ^ C, there exists a unique isomorphism 
q; : Cl = C( of categories such that the functor i is naturally isomorphic to the 
composite functor i' o a. We call the poset subcategory Ci a poset skeleton of C. 
The following lemma can be checked easily: 

Lemma 5.2.2. Let C and C he quasi-posets and let Ci and C[ he their poset skele¬ 
tons. Then for any functor F : C ^ C, there exists a unique functor Fi : Ci —>■ C( 
such that the diagram 



C ^ > C, 

where i and i' denote the inclusion functors, is commutative up to natural isomor¬ 
phisms. □ 

Corollary 5.2.3. Any equivalence of categories between two posets is an isomor¬ 
phism of categories. □ 

It follows from the condition (3) that for any category C and for any poset C', 
the natural isomorphisms between two functors from C to C are the identities. In 
particular, the 2-category of posets (the full subcategory of the category of il-small 
categories where the objects are posets) can be regarded as a 1-category. 

5.3. Torsors under pro-groups. Let I be a directed partially ordered set and 
let G = a projective system of groups indexed by the elements of I. For 

i,j G I with i < j, we denote by (pj^i : Gj Gi the transition homomorphism in 
the projective system G. A (left) G-torsor is a projective system (S'i)ig/ of sets 
equipped with a left action of the group Gi on Si for each i G I such that Si is 
a left Gi-torsor for each i € I and that for any two i,j with i < j and for any 
g € Gj, s € Sj, we have fjj{g ■ s) = pjjig) ■ fj,i{s), where : Sj -)> Si denotes 

the transition map. 

We say that the projective system G has trivial first non-abelian cohomology if 
for any G-torsor (S'ijig/, the limit Ijm,^^ Si of sets is non-empty. 

Lemma 5.3.1. Let I he a directed partially ordered set and let G = (Gi)ig/ be a 
projective system of groups. Suppose that at least one of the following conditions 
are satisfied: 

(1) For every i € I, Gi is a finite group. 

(2) L is a finite set. 

(3) L is a countable set, and the transition maps are surjective. 
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Then G has trivial first non-abelian cohomology. 

Proof. In the case when Condition (1) is satisfied, the claim follows since any filtered 
limit of non-empty finite sets is non-empty. In the other cases the claim can be 
checked more directly. □ 

We can rephrase the condition that G has trivial first non-abelian cohomology 
by introducing the notion of the first non-abelian cohomology l,im^^^ G^. It is a 
pointed set defined as follows. Let J denote the set of pairs (z, j) G / x J with z < j. 
Let lim ^^^(Gi) denote the set of elements igi,j){i,j)eJ G Y\{i satisfying 

9i,j4>j,ii9j,k) = 9i,k for any i,j, k € I with i < j < k. We say that two elements (gij) 
and ((?' j) in Ijm^^^(Gi) are equivalent if there exists an element (hi) G JliG/ 

satisfying g'^j = h~^gijfij^fihj) for any (i,j) € J. We define to be 

the quotient of under the equivalence relation above. We regard 

Im.^^ Gi as the set pointed at the class of (I)(i^j)gj G l;m^^^(Gi). 

Lemma 5.3.2. Let G = {Gi)i^i be a projective system of groups. Then the G has 
trivial first non-abelian cohomology if and only if R^ consists of one point. 

Proof. Let J denote the set of pairs (z,j) with z < j. For {i,j) G J, let : Gj —> 
Gi denote the transition map. 

For an element z = (,gi,j){i,j)^j of we associate a left G-torsor 

iSz,i)iGi as follows. For i G I we set 5'z,i = Gi, and for (z, j) G J, let /j-y : —>• 

Sz,i denote the map which sends g G Gj to fij,i{g)gfij Then {Sz,i)iei with the 
system ifj,i){i,j)eJ of transition maps is a left G-torsor which we denote by Sz- On 
then can check easily that the map which sends z G Ijm^^^ Gi to the isomorphism 
class of Sz induces a bijection from R^ ^ isomorphism classes 

of left G-torsors. Thus the claim follows. □ 

5.4. T-sites. 

Definition 5.4.1. We say that a category C is A-connected if for any two objects 
X, Y in C, there exist an object Z in C and morphisms Z ^ X and Z ^ Y in C. 

Definition 5.4.2. Let (C, J) be a B-site. Recall that T(J) = T{J). We say that 
a B-site {C, J) is a F-site if the following properties hold: 

(1) C is essentially il-small. 

(2) G{T{ J)) is A-connected. 

(3) T(J) has enough Galois coverings. 

5.5. Pregrids. 

Definition 5.5.1. A pregrid of a A-connected category C is a pair (Ci,zi) of a 
il-small category and a covariant functor zi : Ci ^ C satisfying the following con¬ 
ditions: 

(1) The category Ci is a poset and is A-connected. 

(2) The functor zi is essentially surjective. 

(3) For any object X of Ci, the functor Cijx ^/h(a:) between the overcate¬ 
gories induced by zi is essentially surjective. 

(4) For any object X of Ci, the functor Ci^x/ —^ Cu(a:)/ between the undercat¬ 
egories induced by zi is an equivalence of categories. 
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Let (C, J) be a y-site. Let (Co, to) be a pair of a category Co and a functor 
to ■ Co ^ C. 

Definition 5.5.2. (edge objects) A morphism / of Co is called of type J if the 
morphism to(/) belongs to T{J). An object X of Co is called an edge object of Co 
if for any morphism f :Y —>■ X in Co is of type J. 

For any object X of Co, we let denote the functor Lq^x/ • Cq,x/ C^^(^x)/ 
between undercategories induced by to- 

Definition 5.5.3. (grids) Let (C, J) be a X-site. We define a grid of (C, J) to be 
a pair (Co, to) of a il-small category Co and a functor to : Co —J- C satisfying the 
following properties: 

( 1 ) The category Co is a poset and is A-connected. 

(2) For any object X' of C, there exists an edge object X of Co such that to(X) 
is isomorphic to X' in C. 

(3) For any object X of Co and for any morphism f : Y ^ to(X) in C which 
belongs to T{J), there exist a morphism /' : F' —>■ X in Co and an isomor¬ 
phism a :Y ^ ‘‘oiY') in C satisfying / = to(/') o a. 

(4) For any object X of Co, the functor to,x/ : Co,x/ Cio{x)/ is an equivalence 
of categories. 

5.6. The absolute Galois monoid associated to a grid. Let (Co, to) be a grid 
of a F-site (C, J). 

5.6.1. The absolute Galois monoid M(^Co,i-o)- denote by M(Co,lo) pairs 

(a, 7 Q,) of an endomorphism a : Co ^ Co of the category Cq and a natural isomor¬ 
phism 7 a : to ^ to o a. For two elements (a, 7 a) and (/ 3 , 7 / 3 ) of we define 

the composite (a, 7 a) o (/ 3 , 7 / 3 ) G M(^Co,i.o) *0 ^e 

(a, 7a) o (/ 3 , 7 / 3 ) = (ao/3, (/3*7a) 07 ^) 

where /3*7a denotes the natural isomorphism Lq o /3 ^ lq o a o (3 induced by 7 a. 
The binary operation — o — on gives a structure of monoid on the set 

-^(Co.to)’ whose unit element of M(^Co,i.o) equal to (idco, idto). We call this monoid 
the absolute Galois monoid associated to the grid (Co, to). 

5.6.2. the associated submonoids. Let X be an object of Cq. We define the sub¬ 
monoid Kx C M(^Ca,i.o) to be 

Kx = {(a, 7a) G I a(X) = X,7a(X) = id,„(x) : to(X) ^ to(a(X)) = to(X)}. 

We use this monoid only when X is an edge object. We will see later tLemma [7.5.4ll 
that when X is an edge object, Kx is a group. 

5.7. The fiber functor associated to a grid. 

5.7.1. A grid is cofiltered. 

Lemma 5.7.1. Let C be a category which is non-empty, thin, and A-connected. 
Then the category C is cofiltered. 

Remark 5.7.2. Here we assume that the notion “cofiltered” is defined as in 1.2.7 
of SGA4. There are several equivalent definitions for this notion. For some choice 
of the definition, the statement of Lemma 15.7.11 below may be an immediate con¬ 
sequence of the definition. 
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Proof. Since C' is non-empty and thin, it suffices to show that C is semi-cofiltered. 
f‘2 

Let Yi X ■f— Y 2 be a diagram in C. Since C is A-connected, there exists a 
diagram Yi Z Y 2 in C. By using that C is thin again, we have /i o 51 = 
f 2 o g 2 , which proves the claim. □ 

Corollary 5.7.3. Let (Co, to) a grid of aY-site (C, J) such that C is non-empty. 
Then Cq is cofiltered. 

Proof. The claim follows immediately from the definition. □ 

5.7.2. The fiber functor associated to a grid. Let (Co, to) be a grid of a Y-site (C, J) 
such that C is non-empty. Let Ci denote the full subcategory of Co whose objects 
are the edge objects of Co. 

Lemma 5.7.4. Let X he an edge object of Cq and let f : Y X be a morphism 
in Cq. Then Y is an edge object of Cq. 

Proof. Let g : Z ^ Y he an arbitrary morphism in Co. Since X is an edge object 
of Co, the morphisms / and fog are of type J. Hence it follows from Condition 
(3) of Definition 14.2.11 that morphism g is of type J. This shows that Y is an edge 
object of Co. □ 

Lemma 5.7.5. The edges objects are cofinal in Cq. 

Proof. Let X be an object of Cq. Let us choose an edge object Y of Co. Then Cq 
is A-connected, there exists an object Z of Cq and morphisms Z ^ X and Z —>■ F. 
It follows from Lemms [5.7.41 that Z is an edge object of Co. We thus obtain a 
morphism Z ^ X from an edge object of Co to Y. Since X is arbitrary, this shows 
that the edge objects are cofinal in Co. □ 

Lemma 5.7.6. The category C\ is cofiltered. 

Proof. The category Ci is non-empty and thin since it is a full subcategory of Co. 
Hence it suffices to show that Ci is semi-cofiltered. Let Y A Y 4^ Y' be a diagram 
in Cl. It follows from Corollary 15.7.31 that there exist an object Y' of Cq and 
morphisms f :Y' ^ X' and g' : Y' —>■ Y in Co satisfying g o f = f o g'. Since it 
follows from Lemma 15.7.41 that Y' is an object of Ci, this shows that the category 
Cl is semi-cofiltered, which proves the claim. □ 

For a presheaf F on C, we define uj(Couo) filtered colimit 

‘^(Couo)(^)= -F('' 0 (W)). 

xeObj (Cl) 

We note that, since the objects of Ci are cofinal in Cq by Lemma [5. 7. 4[ the natural 
map 

‘^iCoUo)iP)^ ^(''O(^)) 

AgObj (Co) 

is bijective. By associating u!(^Co,i.o)(^) ®a'Ch presheaf F on C, we obtain the 
functor a;(Co,io) from Presh(C) to the category of sets. By abuse of notation, we 
denote by the same symbol a;(Cg the restriction of uj(Co,i.o) ^^® subcategory 
Shv(C, J) C Presh(C). 
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5.7.3. The action of the absolute Galois monoid. Let be a presheaf on C. We 
define the action of the monoid Mi^Co,i.o) ^(Co,to)(^)- Let (a,7a) G 

M{Ca,uo)- We define the map (a, 7a)* : u:{Co,io){P) ^(Co,io){P) fo be the composite 

W(Co,.o)(-P') = lh§^'(to(^)) ^ > lii5F(to(a(W))) 4 li^ ^(''o(h")) = W(Co..o) 

a: X rGObj(Co) 

where X runs over the edge objects of Cq and j is the map induced by the inclusion 

{a{X) iXeObj (Ci)}cObj(Co). 

Definition 5.7.7. We say that a left M(C(,,to)-set S is smooth if for any s € S there 
exists an edge object X of Cq such that s = gs holds for any g G Kx- We denote 
by (M(Co,t)-set)sm the category of smooth M(Co,n,)-sets. 

Remark 5.7.8. We give a remark concerning the use of the term smooth above. 
A locally profinite group is defined to be a locally compact Hausdorff group such 
that the compact open subgroups form a basis for the neighborhoods of the unit. 
A smooth representation of such groups is defined to be a representation where 
each vector has an open isotropy subgroup. We refer to Casselman’s article 0 
for generalities. Smooth representations of locally profinite groups are of interest 
in the theory of automorphic forms. Examples of such groups include GLn(A/) or 
GL„(F) where A/ denotes the ring of finite adeles of some global field, and F is a 
nonarchimedian local field. 

Remark 5.7.9. We will see later in Section flO.ll that the absolute Galois monoid is 
naturally equipped with the structure of a topological monoid such that the category 
of smooth sets is equivalent to the category of discrete sets with continuous action 
for this structure. 

We note that if F is a presheaf on C, then for each edge object X of Cq, the image 
of the map F{X) —>• oj(^Co,La)^^) given by the universality of colimit is contained 
in the Kx-invariant part respect to the action of 

M(Co,io) defined as above. It follows that u}i^Co,Lo)i^) i® ^ smooth M(Cp_tg)-set. It is 
straightforward to check that the action of on u}i^Co,Lo)i^) i® functorial on 

F. Hence the functor oj(^Co,i.o) factors through the category of smooth ^^j-sets. 
By abuse of notation, we denote by the same symbol tO(Co,i.o) i'Le latter functor and 
its restriction to the full subcategory Shv(C, J) C Presh(C). 

5.8. The statement of the main theorem. 

5.8.1. Conditions on cardinality. The main result of this article is the following. 
For a category V, let us consider the following conditions: 

(1) For any object X, Y of V, the set Homx)(X, Y) is a finite set. 

(2) There exists a set S, whose cardinality is at most countable, of objects of 
V such that to any object X of V, there exists a morphism from an object 
of V which belongs to S. 

These conditions appear in the statement of our main theorem below. Technically, 
these will be appear only at the following two points: 

(1) In the proof of the existence of a pregrid, where we use Lemma 15.3.11 and 

(2) In the proof of Lemma [7.6.II 
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5.8.2. The statement. 

Theorem 5.8.1. Let {C,J) be a Y-site. Let (Co, to) be a grid. Then the functor 

(5-1) ‘^{Couo) ■ Sliv(C, J) (M(Co,,)-sei)sm 

is faithful. 

If we moreover assume that, for each object X ofC, the overcategory C{T{J))/x 
satisfies at least one of the two conditions in Section [5.8.1l then the functor uj(^Co,lo) 
is an eguivalence of categories. 

6. Existence of a grid of a F-site 

Assuming a certain cardinality condition, in this section, we prove the existence 
of a grid of a F-site. 

6.1. Existence of a pregrid. 

6.1.1. Existence of a pregrid. 

Proposition 6.1.1. Let (C, J) be a Y-site. Suppose that there exists an object Xq 
of C{T{J)) such that the overcategory C{T{J))/Xo satisfies at least one of the two 
cardinaity conditions in Section [5.8.1\ Then there exists a pregrid of C{T{J)). 

6.1.2. Construction step 1. Set V = C{T{J)) for short. 

We use the category Gal/Xo introduced in Section 14.4.21 We use the following 
terminology. For an object (F, /) of Gal/Xo, we denote by G(F, /) the Galois group 
of /. For an object (F, /) of Gal/Xg and for an object h of C/Xq , we say that (F, /) 
dominates h if there exists a morphism from / to h in C /Xq ■ 

Since C is essentially il-small, we can take a it-small set V of objects of P/Xq 
such that any object of P/Xq is isomorphic to an object which belongs to V. When 
C satisfies Condition (2), we may and will assume that V is at most countable. Let 
S' C F be a subset. For each object (F, /) of Gal/Xo we set 

Us(Y,f) = llHomc,^Jf,s) 

sGS 

and Us{Y,f) = G{Y, f)\Us{Y, f), where the quotient is taken with respect to the 
diagonal action of G(F, /). (When S = 0 is an empty set, we understand that the 
set Uq{Y, f) consists of a single element.) Let (F, /) and (F', /') be two objects of 
Gal/Xo. Let h : F' —5> F be a morphism from /' to / in C/Xq. The composition with 
h gives a map Us{h) : Us{Y, f) Us{Y', /'). It can be checked easily that the map 
Us{h) depends only on the class of h in Homcai/Xo ((^^ /0i (Y, /))• Hence by asso¬ 
ciating Us{Y,f) to each object (F,/) of Gal/Xo, we obtain a presheaf on Gal/Xo 
which we denote by Us. Since the topology has enough Galois coverings, there exists 
an object (F, /) of H/Xo which dominates s for every s € S. For such an object (F, /) 
the set Us{Y, f) is non-empty. Let (F, /) and (F', /') be two objects of Gal/ATo such 
that both Us{Y, f) and Us{Y', f) are non-empty. Let h be a morphism from /' to 
f in UfXo , It follows from Lemma 14.2.61 that the morphism h induces a surjective 
homomorphism G(F', /') -» G(F, /) of groups. It follows from Gorollarv l4.2.4l that 
the composition with h give a bijection Homu^^^ (/, s) —>• Homx)/^^ (/^ s). This 
shows that the map Usih) : UsiY,f) — >■ Us{Y',f') is bijective. 
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Let US fix a it-small subcategory Ga\'/X q of Gal/Xo which is equivalent to 
Gal/Xo- For a finite subset S' C we set 

U{S) := lim Us{YJ) 

(YJ) 

where the colimit is taken over the objects in the category Gab/-^o- We note that, 
for any object {Y, f) of Gab/-^ 0 ) the map Us(Y,f) U{S) is bijective if Us{Y,f) 
is non-empty. Let S and S' be two finite subsets of V with S' C S. The projection 
Us{Y, f) —> Us'iY, f) for each object (Y, /) of Gal/Xp gives a morphism Us —>■ Us' 
of presheaves on Gal/Xo- The collection {Us)s(iv forms a projective system of 
presheaves on Gal/Xg indexed by the finite subsets of V. Hence {U{S))scv forms 
a projective system of sets indexed by the finite subsets of V. 

Lemma 6.1.2. The projective limit U = Ijm ^ G(S) is non-empty. 

Proof. It is easy to see that U{S) is non-empty for any finite subset S C V and 
the transition map U{S) U{S') is surjective for any finite subsets S,S' C V 
with S' C S. Recall that we have assumed Condition (1) or (2) on C. If C satisfies 
Condition (I), then U{S) is a finite set for every finite subset S CV. If C satisfies 
Condition (2), then V is at most countable. In the first case, one can use the fact 
that the projective limit of non-empty finite sets is non-empty to conclude. In the 
second case, one can see directly that the limit U = U{S) is non-empty. □ 

6.1.3. Construction step 2. Let us fix an element (xs) G U. For each finite subset 
S' C H, let us fix an object (Fs, fs) of Gal'/Xp such that Us{Ys, fs) is non-empty. 
Let ys denote the element of UsiYs, fs) which is mapped to xs via the bijection 
Us{Ys,fs) -Y U{S). Let us take a representative ys = {ys,s)sGS G Us{Ys,fs) of 
ys. By definition, ys^s is a morphism from fs to s in V/Xo for each s € S. Let 
f'RS — Sys denote the full subcategory of the undercategory whose objects 

are the morphisms f '.Ys ^ Z in T) satisfying f = g o ys^s for some s G S and for 
some morphism g in P. Since V is essentially il-small and all morphisms in P are 
epimorphisms, it follows that the category C'^ g is a quasi-poset. Let us choose a 
poset skeleton Ci^s of 5 . 

For each pair (S'i,S' 2 ) of finite subsets of V with Si C S' 2 , we construct a fully 
faithful functor Ci^Si as follows. Let us choose an object {W, f) of Gal/Xg 

which dominates both and fs^- For t = I, 2, let us choose a morphism hi from 
/ to fSi in Y>/Xo- Lot y's G Usi{W,f) denote the image of ysi under the map 

USifYsi, fSi) —> Usi(W,f) given by the composition with hi. Since XS 2 is mapped 
to xsi under the map U{S 2 ) U{Si), there exists an element a G G{W,f) such 
that y'g^ is equal to the image of a-y'g^ under the projection (IF, /) —>• Us^ (IF, /). 
We have a diagram 

'^YsU T^w/ T^w/ T^Ys^/ 
of undercategories, which induces a diagram 

^ ( 1 ) ^ ( 2 ) ^ ( 4 )^ 

oi,Si,j/Si t ^ G,S-2.,ay'g^ ^ 4 G.S-z.ys^' 

Lemma 6.1.3. The functors (1), (3), and (4) are equivalences of categories and 
the functor (2) is fully faithful. 
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Proof. It can be checked easily that the functor (2) is fully faithful, that the functor 
(3) is an equivalence of categories, and that the functors (1) and (4) is essentially 
surjective. Since the morphisms hi and /12 in V are epimorphisms, it follows that 
the functors (1) and (4) are fully faithful, which proves the claim. □ 

By taking the composite of (1), (2), (3) and the inverse of (4), we obtain a 
fully faithful functor isi,S 2 ■ ^ 1,82 ^ 1,82 between posets. When we fix {W,f), 

hi, and / 12 , the element a € G(W,f) is not uniquely determined and the functor 
— o a : T>w/ ^w/ may depend on the choice of a. However the functor (3) 
induced by — o a is independent of the choice of a. Using this observation, one can 
check straightforwardly that the functor isi ,82 does not depend on the choice of 
(W,f), hi, /i 2 , and a. For three finite subsets Si, 82,83 C V with S'! C S '2 C S 3 , 
we have 131,83 = iSs.Ss Hence the pair ((Cysjscv, (is'.s)s'cs) forms an 

inductive system in the category of poset categories We define Ci to be the colimit 
of this inductive system. (The notation Ci has already appeared in Section 15.7.21 
The conflict is explained in Remark 16.2.71 1 By taking a limit of the composite 
Ci_s —>■ g —>■ P, we obtain a functor ci : Ci V, which is uniquely determined 
up to natural equivalences. 

6.1.4. Proof of Provosition \6.1.T\ We claim that the pair (Ci, li) is a pregrid of T). 
By definition the category Ci is a poset. We show that Ci is A-connected. Let Zi 
and Z 2 be two objects of Ci. For i = 1,2, take a finite subset Si C V such that Zi 
belongs to the image of the functor Ci^s- Ci. We set S' = Si U 82 - For z = 1, 2, 
there exists an object Zi of Ci_s whose image under the functor Ci_s Ci is equal 
to Zi. Then Zi is, by definition, a morphism from from Y 3 to an object Z[ in T>. 
Let us take an object f : W ^ Xq ol V/Xg which is isomorphic to fs in V/Xg 
and which belongs to V. Let us choose an isomorphism a from / to fs. We set 
T = S U {/}. Observe that the morphism yT,f : Ft ^ IF is an object of C[ j,. 
Hence the diagram 

Z'l W Z^ 

in V gives a diagram zi o a o yr,/ ^ yT,f —>■ Z 2 o a o yxj in C( y. The last diagram 
induces a diagram of the form Zi ^ Z' —>■ Z 2 for some Z' in Ci. This proves that 
the category Ci is A-connected. Next we prove that the functor ti is essentially 
surjective. Let us take an arbitrary object X of V. Since V is A-connected, there 
exists a diagram 

Xo<^Y Ux 

in 1). We may choose this diagram in such a way that fo belongs to V. Let 
S = {fo}- Then ysjg, regarded as a morphism in V, is an object of C( g. Let X' 
denote the object of Ci given by the object / o ysj^ of g. It then follows from 
the definition of ii that the object i-i(X') of V is isomorphic to X, which proves 
that the functor t is essentially surjective. 

Lemma 6.1.4. The pair [Ci,ii) satisfies the condition (3) in DeRnition \5.5.1[ 

Proof. Let X be an object of Ci and let / : T ci{X) be a morphism in V. Let us 
choose a finite subset S CV such that X belongs to the image of an object h of Ci^s 
under the functor Ci^s —)• Ci. The object h of Ci^s is, by definition, a morphism 
from Yg to an object X' in 1) and there exists an element s € S such that the 
morphism h is the composite of the morphism yg^s and a morphism /ii : Yg —>■ X', 
where W denotes the domain of s. Observe that X' and ii{X) are isomorphic in 
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V. Let us fix an isomorphism a : —S' -X'. Since V is semi-cofiltered, there 

exists a commutative diagram 

W ■ > V 

Vs —^ X' 

in V. We may and will assume that the composite fs o /' is a Galois covering and 
belongs to V. We set T = S' U {fs o /'}. Since xt is mapped to xs under the map 
U{T) U{S), there exists an element (3 £ G{Yt, fr) such that ys^s o f' o VTjsof 
is equal to yT,s o P and that the image of h under the functor Ci^s ^ t i® 
isomorphic to h o f o yTjs°f' ° ■ Since fs o /' is a Galois covering, there 

exists an element P' G G{W, fs o f) satisfying yrjsof o (3 = P' o yrjsof'- Hence 
ho f oyTjsof ° P~^ = ao f oh' o [3'~^ ^VTjsof- Hence the morphism ao f can be 
regarded as a morphism from h' o (3'~^ o yT,fs°f' to h o /' o yTjsof o P~^ in j,. 
This morphism induces an object in the overcategory Ci jx whose image under the 
functor Ci./x h)/x induced by li is isomorphic to /. This proves that the pair 
satisfies Gondition (3) in Definition 15.5.11 □ 

Lemma 6.1.5. The pair (Ci,(.i) satisfies Condition (4) in Definition \5.5.1\ 

Proof. Let X be an object of Ci. Let us choose a finite subset S C V such that X 
belongs to the image of an object h of Ci^s under the functor Ci^s Ci- For any 
finite subset T C V with S C T, let hx denote the image of h under the functor 
*S,T : Ci^s Ci^T- Tbe object hx of Ci_t is, by definition, a morphism from Yx to an 
object Xx in V Then it can be checked easily that the inclusion functor Ci^x T^Yt / 

induces an equivalence Ci^x.hr/ ^ of undercategories. This shows that 

the functor induces an equivalence Ci^x/ ^ of undercategories. This 

completes the proof. □ 

6.2. Existence of a grid. The goal of this section is to prove the following propo¬ 
sition. Its proof is given at the end of this subsection. 

Proposition 6.2.1. Let {C,J) be a Y-site. Suppose that there exists an object Xq 
ofC{T{J)) such that the overcategory C{T{J))/Xq satisfies at least one of the two 
cardinaity conditions in Section [5.8.1\ Then there exists a grid of {C,J). 

6.2.1. Construction of a grid from a pregrid. We construct a pair (Co,to) of a il- 
small category Cq and a covariant functor lq : Cq ^ C, from a pregrid (Ci, ii : Ci ^ 
V = C(T{J)), as follows. 

For each object X of Ci, the undercategory 'Doi(x)l is a quasi-poset, since C is an 
E-category and essentially il-small. Let us choose a poset skeleton Cq^x of 
When f : Y —>■ X is a morphism in Ci, the functor 'Di.j^(x)/ F^ti(T)/ given by 
the composition with / is fully faithful. Hence it induces a fully faithful functor 
Co.x — Co.Y between posets. We define Cq to be the colimit Co = lirp,^^^^^ ^ Co,x- 
(Gonsider the diagram over X £ Obj Ci in the category of partially ordered sets, 
take the colimit as a partially ordered set, and regard it as a category using the 
functor in Section [5Tj) 
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By associating, to each object V of Ci, the image of the initial object of Co,y 
under the functor Co,y —>■ Co, we obtain a functor j : Ci Co. One can check easily 
that the functor j is fully faithful. 

By patching the functors Co,x C for various X, we obtain a functor 

io : Co ^ C satisfying (/jo 6 i = tg o j, where ip :V ^ C denotes the inclusion functor. 

6 . 2 . 2 . 

Lemma 6.2.2. The pair (Co,co) constructed above is a grid. 

We check below that the conditions of a grid (Definition 15.5.31) are satisfied. 
Lemma 6.2.3. Conditions (1) is satisfied. 

Proof. It follows from the construction of Co that given an object X of Cg, there 
exist an object X' of Ci and a morphism j{X') X. Note that the category Ci is 
A-connected since (Ci, 6 i) is a pregrid. Hence Cg is A-connected. This shows that 
Condition (1) is satisfied. □ 

Lemma 6.2.4. Condition (3) is satisfied. 

Proof. Let X be an object of Cg and let / : F ^ to(W) be a morphism in C{T{J)). 
Let us choose an object X' in Ci and a morphism g : j{X') — 5 > in Cg. Since T(J) 
is semi-localizing, there exist an object Y' of C and morphisms f':Y'^ 
and g' : Y' ^ Y m C such that /' belongs to T{J) and that the equality f o g' = 
Lo{g)of' holds. Since (Ci, 6 i) is a pregrid, there exist an object F/ of Ci, a morphism 
/( : F/ —>• X' in Ci, and an isomorphism a : Y' ^ P^Xi) in C{T{J)) satisfying 
/' = ii{f[) o a. Since the inclusion functor Cg^v/ ^ functor 

—>■ Cy '/ given by the composition with a are equivalences of categories, 

there exist an object ti(F/) — Y\ of Cg_y/ and an isomorphism /3 : Fi ^ F such 

that the map g' is equal to the composite F' X (.i(F/) ^ Fi A F. Let F2 denote 
the image of the object ii(F/) —>• Fi of Cg^y' under the functor Cg_y' —>■ Cg. Then 
there exist a morphism fi \ Yi ^ X vn Cg and the isomorphism /3 induces an 
isomorphism Pi ■ 1 ^ 0 X 2 ) ^ Y satisfying tg(/ 2 ) = f o ^ 2 - This shows that the pair 
(Cg,ig) satisfies the property (3). □ 

Lemma 6.2.5. Condition (4) is satisfied. 

Proof. We prove that the pair (Cg, tg) satisfies the property (3). It remains to prove 
that that the pair (Cg, ig) satisfies the property (4). Let X be an object of Cg. Let 
us choose an object X' in Ci and an object g in Cg^x' whose image under the 
functor Cg_x' Cg is equal to X. We regard g as a morphism g : j{X') lqX) in 
C. Then the inclusion functor Cg.x' Ci,i(a:')/ induces equivalences of categories 

X.X'.gj ^ (Cio(x')/)g/ = Cto(A)- For any morphism f : Y X' in Ci, the 
functor /* : Cg^x' ^ Cg^y induced by the composition with / gives an equivalence 
of categories from Cg^x', 3 / to Cg_yj»(g)/. Passing to the colimit, we see that the 
functor Cg.x Cg induces an equivalence of categories from Cg x'.g/ to Cg x/- 
Hence the functor Cg_x/ ^ F^g/x)/ induced by tg is an equivalence of categories. 
This shows that that the pair (Cg,(.g) satisfies the property (4), which completes 
the proof. □ 

Lemma 6.2.6. Condition (2) is satisfied. 
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Proof. Via the functor j we regard Ci as a full subcategory of Cq. Note that the 
restriction of lq to Ci is equal to ii. Since ti is essentially surjective, it suffices to 
show that any object of Ci is an edge object of Cq. Let X be an object of Ci and let 
f '■ Y —7> V be a morphism in Cq. It follows from the construction of the category 
Cq that there exists an object Z of Ci and morphisms g : Z ^ X and h : Z ^ Y. 
Since Cq is thin, we have g = f oh. Since g is a morphism in Ci, the morphism iQ{g) 
belongs to T[J). Hence io(/) belongs to T{J). Since / is arbitrary, this shows that 
X is an edge object of Cq. This completes the proof. □ 

This completes the proof of Lemma r6.2.2l □ 

Remark 6.2.7. More strongly, one can show that an object of Cq is an edge object 
if and only if it belongs to Obj (Ci). The “if’ part follows from the argument of 
the proof of the lemma above. The “only if’ part can be proved as follows. Let X 
be an edge object of Cq. It follows from the construction of Cq that there exists an 
object Y of Cl and a morphism f : Y X. in Cq. Since X is an edge object, / 
is of type J. Since {Cq,lq) is a grid of (C, J) and (Ci,ii) is a pregrid of C(T(J)), 
the functor to.y/ • Co.y/ Cto(T)/ equivalence of categories and its restriction 
to Ci^Yj induces an equivalence Ci.y/ = C{T[J))if^{Y)/ of categories. Hence if we 
regard / as an object of Cg.y/, then / is isomorphic to an object of Ci_y/ in Cg.y/. 
Since Cq is skeletal, this shows that / is a morphism in Ci. Hence X is an object 
of Cl. 

Proof of Proposition \6.2.1[ This follows from Proposition 16.1.11 and Lemma 16.2.21 

□ 


7. Proof of Theorem 15.8.11 the fiber functor is fully faithful 


7.1. Properties of a grid. In this subsection, we will supply some preliminaries 
required in our proof of Theorem 15.8.11 most of which follow from Lemma 16.2.21 
Let (C, J) be a V-site and let (Cq, to) be a grid of (C, J). 

Lemma 7.1.1. Let Yi —> X i — Y 2 be a diagram in Cq. Suppose that to(/i) is a 
Galois covering and that there exists a morphism from to)!!) to to)!!) over lq{X). 
Then there exists a morphism from Yi to Y 2 over X. 

Proof. The category Cq is A-connected fLemma 16. 2. 21) . Hence there exist an object 
Z of Co and morphisms gi : Z ^ Yi and g 2 '. Z ^ Y 2 which make the diagram 

Z —^ Yi 


92 


h 


Y 2 X 


commutative. Let us apply the functor to to this diagram. It then follows from 
Lemma |4.2.3I )1) that there exists a morphism in the undercategory C^^(^z)/ from 
'- 0 ) 51 ) to to) < 72 )- Hence it follows from )4) of Lemma 16.2.21 that there exists a 
morphism in the undercategory Co,^/ from gi to ( 72 - In particular there exists a 
morphism h :Yi Y2 in Cq. Since Cq is thin, any diagram in Cq is commutative. 
Hence h is a morphism over X, which proves the claim. □ 


Corollary 7.1.2. Let X be an object of Cq and let /i : Yi —>■ V and f 2 '.Y 2 ^Xbe 
two morphisms in Cq such that to)/i) and to)/2) are Galois coverings in C. Suppose 
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that there exists an isomorphism to(Yi) = to(^2) over lq{X) in C. Then we have 
Yi = Y 2 and fi = / 2 . 

Proof. It follows from Lemma 17.1.11 that there exist a morphism from Yi to Y 2 and 
a morphism from Y 2 to Yi. Since Cq is a poset, the claim follows. □ 


Lemma 7.1.3. Let X and X' be objects of Cq and let (3 : io{X) ^ to(X') be an 
isomorphism in C. Then for any morphism f : X ^ Y in Cq, there exists a unique 
morphism f : X' Y' in Cq satisfying the following property: there exists an 
isomorphism ff : lq{Y) ^ to(Y') in C which makes the diagram 


io{X) 

'■oif) 

<-oiY) 


to(X') 

i-oifj 

^ ^o{Y') 


commutative. (We note that such an isomorphism (3' is unique since f is an epi- 
morphism.) 

Proof. From the given data, we obtain a morphism to(/) o /3~^ : to(X') —>• to(Y). 
Using that the functor Cq x'/ CiqIA')/ induced by to is an equivalence of cate¬ 
gories lLemma l6.2.2r 4ll. we obtain morphisms f and (3' which make the diagram 
commutative. The uniqueness of /' follows since Cq is skeletal. □ 


Lemma 7.1.4. Let X and X' be objects of Cq and let [3 : to(X) ^ to(X') he an 
isomorphism in C. Then for any morphism f : Y ^ X in Cq such that to(/) is a 
Galois covering in T , there exists a unique morphism f : Y' ^ X' in Cq satisfying 
the following property: there exists a (not necessarily unique) isomorphism (3' : 
to(Y) ^ to(Y') in C which makes the diagram 


^o{Y) 

'■o(/) 

to(^) 


‘■oifj 

^ to(X') 


commutative. 

Proof. The existence of /' follows from (3) of Lemma [6.2.21 We prove the unique¬ 
ness. Suppose that the two morphisms /{ : Y{ X' and f^ ■ Yf —>• X' satisfy the 
property of the lemma. Since both to(Y|') and to(Y 2 ) are isomorphic to to(Y) over 
X, there exists an isomorphism from to(Y/) to to(y 2 ') over to(X). Hence it follows 
from Lemma 17. 1.11 that there exist morphisms Y( —> Yf and Y) —>• Y( over X. Since 
the category Cq is a poset, it follows that Yf = Yf and /{ = f 2 , which proves the 
claim. □ 

Lemma 7.1.5. Let X be an object of Cq and let lq^X) ^ Z Y be a diagram in 
C such that f belongs to T. Then there exist a diagram X Z' ^ Y' in Cq and 
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isomorphisms co(Z') = Z and ioiY') = Y which make the diagram 



'•o(Ai) i - 

- io{Z') - 

-1 lo{Y') 

(7.1) 





I'oiX) i - 

- Z 

-)> Y 


in C commutative. 


Proof. It follows from (3) of Lemma 16.2.21 that there exist an object Z' of Co and 
the isomorphism io{Z') ^ Z in C which make the left square of (17.11) commutative. 
It then follows from (4) of Lemma [6.2.21 that there exist an object Y' of Co and the 
isomorphism io{Y') = Y in C which make the right square of (17.ip commutative. 
This proves the claim. □ 

7.2. Proof of Theorem 15.8. ij the functor ui(^Couo) faithful. 

Lemma 7.2.1. Let F be a sheaf on (C, J). Then for any edge object X of Cq, the 
map F{X) —>■ a;(C(,,to)(T') given by the universality of colimit is injective. 

Proof. Let f ■ Y X he a morphism in Cq. Then to(/) belongs to T. Since F 
is a sheaf on (C, J), it follows from Corollary 12.5.31 that the map F{X) —>■ F{Y) is 
injective. Hence the map F{X) —>• uj(^Couo)i^) injective. □ 

Proof of Theorem \5.8.1\ : faithfulness. We prove the faithfulness of the functor (15.11) . 
Let F and F' be sheaves on (C, J) and let f,g : F F' be two morphisms of sheaves 
on (C, J). Suppose that tV{Co,Lo)if) = ^(Couoiid)- show that f = g. Let us take 
an arbitrary object X of C. It suffices to show that f{X) = g{X). Since io is essen¬ 
tially surjective, there exist an object X' of Cq and an isomorphism lqI^X') X in 
C. Hence the claim follows from the commutativity of the diagram 

F{X) F(.o(X')) -1 u:(Couo)iF) 

.'•o) 

G{X) GMX')) -^ w(Co..o)(G) 

and Lemma [7?2TJ □ 

7.3. The category Ix- Let X be an edge object of Cq. We denote by Ix the full- 
subcategory of the overcategory C^jx whose objects are the morphisms f : Y ^ X 
in Cn such that tnif) is a Galois covering in T. For an object f :Y X oi Ix, ^e 

write Gal(/) for Gal(.o(/)). 

Lemma 7.3.1. The category Ix is cofiltered and the objects of Ix ore cofinal in 
CqJx- 

Proof. Since Cq is A-connected and thin, the overcategory Co,/x is A-connected and 
thin. It follows from Lemma 15 .7.1 1 that Cq jx is cofiltered. Hence it suffices to prove 
that the objects of Ix are cofinal in C^jx- Let f '. Y —)• X be an object of Cqjx 
and let us regard it as a morphism in Cq. Since T(J) has enough Galois coverings, 
there exists a morphism g' : Z' ^ '•o(F) in C such that g' belongs to T(J) and the 
composite io(/) o is a Galois covering in C. It follows from the property (3) of 
the grid (Co,io) that there exist a morphism g : Z ^ Y in Cq and an isomorphism 
a : Lo{Z) ^ Z' in C satisfying Lo{g) = g' o a. The morphism f o g in Cq, regarded 


fiX).g(X) 
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as an object of Cq./x is an object of Ix, since to(/ ° g) = io(/) o g' o a is a Galois 
covering in C. This proves the claim. □ 

Lemma 7.3.2. Let X be an edge object of Cq and let Z be an objeet of Cq. Then 
there exist an objeet f : Y ^ X of Ix and a morphism Y —>■ Z in Cq. 

Proof. Since Cq is A-connected, there exist an object Y' of Cq and morphisms hi : 
Y' ^ X and /12 : T' —5> Z in Cq. It follows from Lemma [7.3.11 that there exists a 
morphism h : Y Y' such that the composite f = hi o h : Y —X is an object of 
Ix. This proves the claim, since h 2 o h is a morphism from T to Z in Cq. □ 


Corollary 7.3.3. Let X be an edge objeet o/Cq. Then the funetor 

lien ^o,Y/ I'D 
{f:Y^x)eOhiix 

given by the forgetful functors Cq^y/ Cq is an isomorphism of categories. 

Proof. This follows immediately from the previous lemma. □ 


7.4. The functor 9z,z',h- Let Z, Z' be objects of Cq and let h : 6o(Z) —>• lq{Z') 
be a morphism in C. Let — oh ■.Ci,^(^z')l ^ Ci^^(^z)l denote the functor given by the 
composition with h. Since C is an if-category, the two undercategories Ci^^(^z)l and 
HialZ')! are thin and the functor — o h is fully faithful. Let us consider the diagram 


of categories and functors. Since the two functors in this diagram other than —oh 
are equivalences of categories, this diagram gives a functor Cq^z'/ Co,z/ which is 
fully faithful. We denote this functor by 9z,z',h- Since the category Cq^z/ is skeletal, 
the following statement holds (although it is a simple observation, we state it as a 
lemma since we will refer to the statement several times): 


Lemma 7.4.1. Let Z, Z' and h be as above, 
from Cq^z/ to Cq^z'/ which makes the diagram 


Then Oz,z',h is the unique functor 


Co,z/ 


(7.2) 


‘o.z'/ 


'■o.z/ 


Cto(Z')/ -^ ^i-oiZ)/ 

commutative up to natural equivalence. 


□ 


Corollary 7.4.2. Let Z" is another object of Cq and h' : lq{Z') —>■ lq{Z") is a 
morphism in C, then we have 9z,z",h'oh = 9z,z',h o 9z',z",h' ■ Gl 

Corollary 7.4.3. Suppose that h is an isomorphism in C. then the functor 0z,z',h 
is an isomorphism of categories. □ 


Let f : Z' ^ Y' be an object of Co,z'/, and denote the object 9z,z',h{f') of 
Co,z/ by / : Z —>■ y. It follows from Lemma [7.4.II that there exists an isomorphism 
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a : LoiY) — ioiY') such that the diagram 

70(Z) 

i-oif) 

lo{Y) 


io{Z') 

'-o(/') 

io(r') 


is commutative. Since to(/) is an epimorphism, such an isomorphism a is unique. 

Lemma 7.4.4. Let the notation be as above. Then the functor 6' : Cqy' j C^ yj 
induced by the functor 9z,z' ,h is equal to the functor Oy^yi^a- 


Proof. It follows from the definition of the functor 9' that the diagram (EH) induces 
a diagram 

Cay j - 5 - C^y/ 


‘■a.Y' I 


'■O.V'/ 


C.o(y')/ —^ C^o(y)/ 

of categories and functors, which is commutative up to natural isomorphisms. 
Hence the claim follows from Lemma [7.4.II □ 


Let Z, Z' and h : lo{Z) to(^0 be as in Lemma 17.4.11 Then the natural 


equivalence from the composite Cq z' / 


0 


Z,Z' ,h 


^ Cq.z/ > Ci^^i^z)/ to the composite 


Lq / _o/i 

Co,Z'/ —^1 is unique, since the category C,^{^z)/ is thin. We 

denote this natural equivalence by ^z,z',h- 


7.5. Some properties of the monoids M(^Co,t.o) 

Lemma 7.5.1. Let {aya) be an element of the monoid Then for any 

object X of Co, the functor a' : Coy/ —>■ Co^yx)/ induced by a on the undercategories 
is equal to the isomorphism 6 *a(x),A:, 7 c(A:)-i of categories. 


Proof. We set {3 = 7 a(X) : lo{X) bo{a{X)). Let - o ^ ^ : Cyx)/ -t Cyyx))/ 
denote the functor given by the composition with j3~^. Then the natural isomor¬ 
phism "fa. induces a natural isomorphism from the composite Coy/ Cyx )/ ——t 

Cya{x))/ to the co mposit e Coy ^ Co,a{x)/ Cyyx))/- Hence the claim 

follows from Lemma [7.4. II □ 


Lemma 7.5.2. Let {a, "fa) be an element of the monoid Then the functor 

a : Co y Co is fully faithful. 

Proof. Let Xi and X 2 be objects of Co and suppose that there exists a morphism 
/ : a{Xi) y a{X 2 ) in Cq. Since the category Cq is thin, it suffices to show that 
there exists a morphism from Xi to X 2 in Cq. Since Co is A-connected, there exist 
an object Y of Cq and morphisms hi : Y y Xi and h 2 -Y y X 2 . By applying the 

functor a, we obtain the diagram Q!(JAi) < Y ^ a{X 2 ) in Cq. Since the 

category Co is thin, we have a{h 2 ) = f o ct{hi) and hence / can be regarded as a 
morphism from a{hi) to a{h 2 ) in Coyy)/. It follows from Lemma 17.5.21 that the 
functor a' : Coy/ Coyy)/ induced by a is equal to 9a(y)y^'ya(Y)-^- Note that a' 
sends the object hi of Coy/ to the object a{hi) of Coy{y)/- Since 0c((y),y,7„(y)-i 
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is an isomorphism of categories, it follows that there exists a morphism from hi to 
h 2 which is sent to the morphism / by ha(Y),Y, 7 c(Y)-i■ This proves that a is fully 
faithful. □ 


Lemma 7.5.3. Let X be an edge object of Cq and let {a,^a) be an element o/Kx- 
Let f : Y ^ X be a morphism in Co such that to(/) is a Galois covering in T. 
Then we have a{Y) = Y, a{f) = f, and ^a{Y) : io(T) ^ io(T) is an element of 
the Galois group of Lo{f). 


Proof. Since ot{X) = X and ^a{X) is the identity, we have the commutative dia¬ 
gram 


^o(T) io{a{Y)) 


'-o(/) 


'-o(a(/)) 


io{X) io{^)- 

In particular, io(<a(/)) is a Galois covering in T. Hence by Corollarv l7.1.21 we have 
a(Y) = Y and a{f) = /, from which the claim follows. □ 

Lemma 7.5.4. Let X he an edge object of Cq. Then the submonoid Kx C M(^Co,i.o) 
introduced in Section \5.6.1\ is a group. 


Proof. Let (a, 7a) be an element of Kx- It suffices to show that the functor a : 
Co —>■ Co is an isomorphism of categories. Since the category Co is skeletal, it then 
suffices to prove that the functor a gives an equivalence of categories. It follows 
from Lemma [7.5.2l that the functor a is fully faithful. We prove that a is essentially 
surjective. Let us take an arbitrary object Z of Cg. It follows from Lemma 17.3.21 
that there exist a morphism f : Y X m. Co and a morphism h : Y Z vt\ Co 
such that ioU) is a Galois covering in T. By Lemma [7. 5. 31 we have a{Y) = Y. We 
set P = 7a(T)“^, which is an automorphism of the object to(T). Since Oy.Y.p is 
an automorphism of the category Copy/-, there exists an object h' -.Y ^ Z' oi Co.y/ 
which is sent to h by the automorphism 9y,y,p- It then follows from Lemma |7. 5. 21 
that we have a{Z') = Z, which proves that the functor a is essentially surjective. 
This completes the proof. □ 


7.6. The isomorphisms ipx and (jx- 

7.6.1. Let X be an edge object of Cg. Let /i, /2 be two objects of Lx and suppose 
that there exists a morphism g from /2 to fi in Ix- Note that io(/i) and io(/ 2 ) are 
Galois coverings in C. It follows from Lemma [4.2.51 (1) that for any a S Gal(/ 2 ) 
there exists a unique a' € Gal(/i) satisfying Lo{g) o a = a' o io{g)- By sending a 
to a’ we obtain a map Gal(/ 2 ) ^ Gal(/i). It follows from Lemma [4.2.51 (2) that 
this map is a homomorphism of groups. It follows from Lemma 14.2.61 that this 
homomorphism is surjective. We set 

Hx = Im Gal(/). 

/eobj Ix 

Lemma 7.6.1. Let the notation be as above. Suppose that one of the conditions 
on cardinality in Section \5.8.1\ is satisfied for the category C{T{J))/x- Then the 
canonical map 

P ■ Hx Gal(/) 

where f G Ix, is surjective. 
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Proof. It follows from Lemma 14.2.61 that the transition maps in the limit in the 
definition of Hx are surjective. The assumption on the category C{T{J))/x and 
Lemma [7.1.11 imnlv that we have either that Gal(/') is a finite group for any /' £ 
Obj Ix or that the set Ix is at most countable. Hence the natural projection 
Hx Gal(/) is surjective for any f € Ix- Gl 


7.6.2. It follows from Lemma [7.5.41 that Kx is a group. Let us construct a homo¬ 
morphism tpx ■ Hx —>■ Kx of groups. Let /3 = (/3/)/eObj/x G Hx- For each object 
f '-Y ^ X of Jx, we let a(/3)Y denote the automorphism OyY ■ ^o,f/ ^ Fo.y/ 
of categories. Let f'-.Y'^Xhe. another object of Ix and lei h ■. Y' ^ Y he a 
morphism in Ix- Then it follows from Lemma 17.4.41 that the diagram 


C-O.Y/ -—>■ i'O.Y/ 


— oh 


— oh 


^ “(/ 3 )v' ^ 

i-O.Y'/ -? Y0,Y'/ 


is commutative. By taking the colimit with respect to / and by using Corollary 
we obtain an isomorphism Co —> Co of categories which we denote by a(/3). 


Tor each object j : Y ^ X oi Ix, 
0-1 








>-0,Y/ 


- 0 / 37 " 

> C,g(Y)/ -^ ^io(T)/ and by E 2 ,y the composite E 2 ,y ■ Cq^y/ 




7.6.3 

^0,Y/ -LQyiJ/ -LQyiJ/ - -t/ —■^,-L - - ir - — - -U,J/ 

Fq.y/ —^^ Cto(T)/- We set ^a{p),Y = Cxy^-i, which is a natural isomorphism 
from the composite ifi.y to the composite E 2 .Y- 


7.6.4. Let f : Y' ^ X he another object of Ix and lei h ■. Y' ^ Y he a. morphism 
in Ix- Let us consider the functors —oh: Cq y/ Cq.Y '/ and — o io(/i) : Ci^^^y)/ 
CioiX')/ given by the compositions with h and i(h), respectively. 

For j = 1,2, the functor Ei^/ o [— o h) : Cg^y/ —>■ C^^(y') is equal to the functor 
{—oio{h))oEi^Y '-C-ox! It follows from the proof of Lemma F7.4.4l that the 

natural isomorphism o(—o/i) : ifi y/ o(—oh) —>■ if 2 ,y' o(—oh) is equal to the 

natural isomorphism 7 o,(,g) y/o(—oh) : ifi.y'o(—oh) -x if 2 .y'o(—oh). By taking the 

colimit with respect to /, we obtain a natural isomorphism ■ i-o ^ /-o ° oi{j5). 
Thus we obtain an element io:{/3), ■ja{p)) in 

It is easy to check that the element [a{jl)xa{p)) belongs to Kx and that the 
map fjx '- Hx IKa which sends /3 £ Hx to {a{P)xa{ 0 )) is a homomorphism of 
groups. 


7.6.5. Let us construct a homomorphism (fx ■ Kjc Hx as follows. Let (Q;,7ct) G 
Kx. For any object f : Y —)> 77 of /x, it follows from Lemma [7.5.31 that we have 
a{Y) = Y and 7 ct(T) £ Gal(/). Let f' : Y' ^ X he another object of Ix and 
let h : y' —)> y be a morphism in Ix- Since ^aiY) is functorial in y, we have 
io(h) o 7 Q(y') = 7a(y) o i^o{h)- This shows that {ja{Y))/-. y^x is an element of 
Hx- We define (j)x ■ Ka Hx to be the map which sends (a,7ct) G Kx to the 
element {'ja{Y))f-.Y^x of Hx- One can check easily that (fx is a homomorphism 
of groups. 

Lemma 7.6.2. The homomorphism tpx ■ Hx —>■ Kx is an isomorphism. 
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Proof. It is clear from the construction of ipx that the composite (px o ipx is equal 
to the identity. Hence to prove that ipx is bijective, it suffices to prove that (px is 
injective. 

Let (a, 7 Q) G and suppose that ipx{{o:,^a)) = 1- Then for any object 
f ■ Y ^ X of Ijf, we have a{Y) = Y and jaiY) = idtQ(y). It follows from 
Lemma 17.5.11 that the automorphism Co,y/ ^ Cq.y/ induced by a is equal to the 
identity. Hence it follows from Corollary 17. 3. 31 that the automorphism a is equal to 
the identity. Since the category is thin, any natural auto-equivalence 7 of 

the functor Co_y/ C^^(y)/ induced by io is equal to the identity. This shows that 
the natural auto-equivalence of the functor io./Y • ^o.y/ CtoC^)/ induced by the 
natural auto-equivalence 7a is equal to the identity for any object f : Y X of 
Ix■ Hence it follows from Corollary 17.3.31 that the natural auto-equivalence 7a is 
equal to the identity, which proves that the homomorphism px is injective. This 
proves the claim. □ 

Corollary 7.6.3. Let F be a sheaf on [C,J). Then for any object X ofCo, the 
map F{lo{X)) induces a bijection F(lo(X)) A a;(Co,io)(^)'’^^ • 

Proof. For any object f '. Y ^ X of Ix, the pullback map F"((.o(-^)) — F(.i^o{Y)) 
induces an isomorphism F{lq{X)) —>■ F{lq{Y))'^‘^^^F ^ Passing to the inductive limit 
with respect to /, we can see that the map F"((.o(-^)) —>■ W(Co,to)('^) induces an 
isomorphism F{lq{X)) ^ a;(CQ Hence the claim follows from Lemma 

[7X^ ’ □ 

7.7. The monoid has sufficiently many elements. From now on until 

the end of Section [9] we assume that, for any object X of C, the category C/x 
satisfies at least one of the two conditions in Section [5l8T] 

Lemma 7.7.1. Let X be an edge object of Co, X' an object of Co, and fp : lo{X) ^ 
io(X') an isomorphism inC. Then there exists an element (a, 7 a) of M(^Co,i.o) which 
satisfies a{X) = X' and ')a{X) = /3. 

Proof. For any object f - Y X of Ix, let Sf denote the set of pairs (/',/3') of a 

morphism f':Y'^ X' in Co and an isomorphism pi' : lo{Y) ^ io(T') in C which 
make the diagram 

ioiY) ioiY') 

io(X) 

commutative. For [f ,pi') G Sf and for cr G Gal(/), we set a - {f ,pi) = {f , pioa~^). 
This gives an action from the left of the group Gal(/) on the set Sf. It follows 
from Lemma [7. 1. 41 that the set S'/ is non-empty. It follows from Gorollarv 17.1.21 
that for any two elements (/', /?'), (/", pi") of Sf, we have /' = /". This shows that 
the set S/ is a left Gal(/)-torsor. Let 5 : Z —>■ X be another object of Ix and let 
h : Z — 7 > y be a morphism in Ix- Let {g' : Z' — >■ X', pi") be an element of Sg. Let us 
consider the isomorphism 9z 'of categories. Let us regard / as a morphism 
from h to 5 in Co,z/ and set /' = Oz’,z,p"-i{f) and j3' = P,z',z,p"-i- Then [f',j3') 
is an element of Sf. Let us write /' : X' — >■ X'. It then follows from Lemma 17.1.31 
that the isomorphism pp' : (.o(L^) —^ i-ofY') in C has the following characterization: 
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13' is the unique isomorphism to(^) —^ ''o(^0 such that there exists a morphism 
h' : Z' Y' which makes the diagram 


i^{Z) to(Z') 


^o(r) 


io(r) 


commutative. By sending {f",l3") to (/',/3') we obtain a map Sf» —>■ Sf which 

we denote by S{h). The characterization of the isomorphism /?' given above shows 

that we have S{h){a ■ if", 13")) = h^{a) ■ S{h){{f", P")) for any a € Gal(g), where 

/i* : Gal(g) —)■ Gal(f) denotes the homomorphism in (2) of Lemma [4.2.51 . and that 

we have S(h o h') = S{h) o S{h) for any composable morphisms /i, h' in Ix- 

Let Hx denote the projective system (Gal(/))/eobj ix of groups. Then [Sf )/eobj 

is a left iJx-torsor. Since C/x satisfies at least one of the conditions in Section iBTl 

the partially ordered set corresponding to the poset category Ix satisfies at least 

one of the conditions in Lemma 15.3.11 Hence the limit lim . . Sr is non- 

<—/eObj Ix ■' 

empty. Let us choose an element (/i/,/3/)/gobj ix of j Sf. For an object 

f :Y —>■ X of /jv, let y' denote the domain oihf. Let us consider the isomorphism 
Oyi Y ■ f'O.T/ ^ Co,Y' j of categories. Let g : Z ^ X he another object of Ix 
and let : Z —>■ y be a morphism from g to f in Ix- Let Z' denote the domain 
ot hf. It follows from the definition of the transition map of the projective system 
[Sf) that there exists a morphism h' : Z' ^ Y' in Co which makes the diagram 


io[Z) 

ro(h) 

ie[Y) 


Pf 


-t io[Z') 

Lo{h’) 

^ ie[Y') 


commutative. It follows from Lemma 17.1.31 that 9^, ^ sends the object h of 
Co,z/ to the object h' of Cq^z/- Hence it follows from Lemma [7.4.41 that the functor 
Co.y/ CofY'/ induced by the isomorphism 6 ^, ^ p-^ of categories is equal to the 
isomorphism Oyi y p~^ of category. Hence by taking the colimit with respect to /, 
we obtain functors 


Co — lim CofYj 
/eObj Ix 

whose composite we denote by a : Co — 


0 , 


;-i 


liin Cq yf j —y C( 

/eObj Ix 

Co- We have the natural isomorphism 


1 for each object f \ Y X oi Ix- By taking the colimit with respect 
I .. . 

to /, we obtain a natural isomorphism ja from iq to iq o a. We thus obtain an 

element [a,ja) G M(^Co,lo)- *^’^0 oan check easily that the element (a, 7 a) satisfies 
the desired properties. □ 


7.8. Proof of Theorem l5.8.lt the functor is full. Let us prove that the 

functor uj(^Co,ro) ^oll. Let Fi and F 2 be sheaves on (C, J), and let t : uj(^Co,ro)iYi) 
‘j-'(Co:to)('^ 2 ) be a morphism of left M(Co,to)-sets. For each object X of C, let us 

choose an edge object Ex of Co and an isomorphism f3x '■ io[Ex) ^ X in 
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C. By Corollary 17.6.31 we have isomorphisms Fi{lq{Ex)) = uj(CQ,Lo){Fi)^^ and 
F 2 {io{Ex)) — uj(Co,Lo)i^ 2 )^^ We define the map tx ■ Fi{X) —>■ E 2 {X) to be the 
unique map which makes the diagram 

Fi(X) FMEx)) coiFi)^^ 

tx t 

F2{X) F2{iQ{Ex)) 


commutative. Let / : X —^ y be a morphism in C. It follows from (4) of Lemma 
16.2.21 that there exists a unique morphism /' : Ex Y' in Cq and an isomorphism 
P' : ioiY') = F in C such that the diagram 


lo{Ex) X 


‘■o(f') 


f 


io(y') y 


is commutative. We set /3 = p'~^ o /3y : lq{Ey) ^ to(^0- It follows from 
Lemma [7. 7. II that there exists an element {a,jct) of M^Ca,i.o) satisfying a(i?y) = Y' 
and jaiFy) = P- It then follows from the definition of the action of ( 0 , 7 ^) on 
^(Co,Lo)iEi) that the diagram 


FPY) FPioiFy)) 

'■o(/')*o/3* 

FPX) FPioiEx)) ^-A u;^Co,.o)iE^r^- 

is commutative for i = 1,2. Hence the diagram 


EiiY) 

r 

FiiX) 


tY 


tx 


A F2{Y) 

1'* 

A F 2 iX ) 


"t AJ(Co4o) 

(a.7c).- 

"t A'(Co4o) 


is commutative. Thus the collection of maps {tx ■ Fi{X) —>• T' 2 (y))xeObjC gives a 
morphism t' : Fi — 5 > F 2 of sheaves on (C, J) such the map u}(^Co,i.o)iEi) ^ ^(Co,Lo)iE 2 ) 
induced by P is equal to t. This proves that the functor a;(Cp is full. 


8 . Proof of Theorem 15.8.11 the fiber functor W(Co.(.o) essentially 

SURJECTIVE 

Until the end of Section [S] we assume that, for any object X of C, the category 
C/x satisfies at least one of the two conditions in Section [5.8.II 

8.1. Lemmas on edge objects. 

Lemma 8.1.1. Let {a, "fa) be an element of Then for any morphism 

f :Y ^ X in Cq of type J, the morphism a{f) is of type J. 
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Proof. In the commutative diagram 


^o(r) 

to(a(y)) 


‘-oif) ^ 


ioiX) 

1 7 c. (A) 


■> to(a(X)), 


the upper horizontal arrow belongs to T{J) and the vertical arrows are isomor¬ 
phisms. Hence the lower horizontal arrow belongs to T{J), which proves the 
claim. □ 


Lemma 8.1.2. Let (a, 7 a) be an element of M(^Co,lo)- ^ edge object of 

Co and set X' = a{X). Then for an object Y' of Co, the following two conditions 
are equivalent. 


(1) There exists an object Y of Co satisfying Y' = a{Y). 

f 

(2) There exists an object Z' of Co and a diagram X' A — Z' —>■ Y' such that f 
is of type J. 


Proof. First we prove that the condition (1) implies the condition (2). Suppose that 
the condition (1) is satisfied. Let us choose an object Y of Cq satisfying Y' = a{Y). 
It follows from Lemma 17.3.21 that there exists an object Z of Cq and a diagram 

X d- Z ^Y inCo such that / is of type J. We set Z' = a{Z) and /' = a{f). By 

f> 

applying a to the diagram above, we obtain a diagram X' C— Z' Y'. It follows 
from Lemma 18.1. II that the morphism f is of type J. Hence the condition (2) is 
satisfied. 

Next we prove that the condition (2) implies the condition (I). Suppose that 
the condition (2) is satisfied. Let us choose an object Z' of Co and a diagram 

X' Z' ^ Y' such that /' is of type J. By replacing /' with its composite with 
a suitable morphism Z" — >■ Z' in Cq, may assume that toif) is a Galois covering 

in C Let us consider the isomorphism Lo{X) 6 o(W') in C and the morphism 

f : Z' ^ X' in Cq. It follows from Lemma 17.1.41 that there exist a morphism 
f : Z ^ X in Co and an isomorphism 7 ' : Lo{Z) = to{Z') which make the diagram 


,o(X) Lo{Z) 

7c(A) 

io{X') Lo{Z') 

commutative. Since i-oif') 07' = 7q(X) o 6o(/) = io(<T(/)) o 7 q(Z), we have a 
commutative diagram 

oo(a(Z)) Lo{Z') 


‘o(a(/)) 


‘o(/') 


io{X') = Lo{X') 

in C. Since we have assumed that to(/0 is a Galois covering, to(a(/)) is a Galois 
covering. Hence it follows from Corollary 17.1.21 that Z' = a{Z) and /' = a{f). Let 

us consider the isomorphism 7 a(H) : ^ i'o{Y') and the morphism g' : Y' ^ 
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Z' in Co. It follows from Lemma 17.1.31 that there exist a morphism g : Z ^ Y in 
Co and an isomorphism 7 " : lo{Y) = lo{Y') which make the diagram 


Lo{Z) to{Y) 


ic{z) y 

io{Z') ioiY') 

commutative. Since 7"“^ o Lo{g') = i-o{g) °la{Z)~^ = 7a(L")~^ o ''o(a((?)), we have 
a commutative diagram 

io{Z') - io{Z') 


'•o(a(g)) 


'■ 0 ( 9 ') 


io(a(y)) 


i"o 7 c,(Y) 


> ioiY') 


in C. Since the functor to ,27 : ^o,z'/ Cto(Z')/ is an equivalence of categories and 
Co is skeletal, we have Y' = a{Y) and g' = a{g). This in particular shows that the 
condition ( 1 ) is satisfied. □ 


Lemma 8.1.3. Let X be an edge object of Co and let (a,"fa) be an element ofM^x- 
Then for any morphism f : X ^ Y in Co, we have a{Y) = Y and ^aiY) = idtQ(i^). 


Proof. We have a commutative diagram 


i-oif) 


i-oiaif)) 


i^oiY) to(a(F)) 


in C. Since the functor to, a:/ • ^o.x/ Clo{x)/ is an equivalence of categories and 
Co is skeletal, we have a{Y) = Y and / = a{f). Hence to(/) = 'jafY) o to(/). Since 
to(/) is an epimorphism, we have ja{Y) = idt(,( 5 A). This proves the claim. □ 


Lemma 8.1.4. Let (a, 70 ,) and {a'yaf) he two elements of Suppose that 

for any object X of Co, there exists an object X' of Cq satisfying a'{X) = a{X'). 
Then there exists a unique element {a"ya") 0 /-^(Co.to) satisfying [a'ya') = 
(a, 7a) o (a", 7a") 


Proof. Let X be an arbitrary object of Cq. By assumption, there exists an object 
of Co whose image under the functor a is equal to a'{X). We denote this object by 
a"{X). It follows from Lemma 17. 5. 21 that the object a"{X) is uniquely determined 
by this property and that if X' ^ X is a morphism in Cq, then there exists a 
morphism from a"(X') to o;"(X) in Co. Hence by associating a"(X) to each object 
X of Co, we obtain a functor a" : Co Co. By construction we have a' = a o a". 
For any object X of Co, we have the diagram 

io{X) io{a'{X)) 


7 o(a"(X)) 


io(a"(X)) 


■> Lo{oioa"{X)) 
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in C. Hence there exists a unique isomorphism 70,// (X) : to(-^) ^ (•o(ci"(-^)) 
such that the equality 7 a(Q:"(X)) o 7 a"(X) = 7 a/(X) holds. Since 7 q, and 7 ^' are 
isomorphisms of functors, it follows that the isomorphism 7a"(^) is functorial in 
X in the following sense: for any morphism f : X' X in C, the diagram 

Lo{X') 60 (X) 

7c" (^')| |7c"W 

ioK(^')) 6 o(a"(X)) 

is commutative. Hence the isomorphisms 7a"(X) for the objects X of Co give an 
isomorphism ja" '■ '-o ^ o ct” of functors and the pair (a", "fa") is an element 
of MfCo,Lo) satisfying (a', 7 a') = ( 0 , 70 ) o (a", 7 a"). The uniqueness of (a", 7 a") 
follows from the uniqueness of a"{X) for each object X of Cq. This completes the 
proof. □ 

Lemma 8.1.5. Let X be an edge object of Co- Let (a, 7a) and [a',"fa') be two 
elements of MfCa,Lo)- Suppose that a{X) = a'{X) and "fa{,X) = "fa'{X). Then 
there exists an element (a", 7 a") ofKx satisfying {a',"fa') = {a,"fa) o {of ,"fa")- 

Proof. Let Y be an arbitrary object of Co- It follows from Lemma 17.3.21 that there 
exists a diagram 

X 4- Z 

in Co such that / is of type J. By applying a', we have a diagram 

a'{X)44^a'{Z)^a'{Y). 

It follows from Lemma [8.1.11 that a'{f) is of type J. Hence it follows from Lemma 
18.1.21 that there exists an object of Cg whose image under the functor a is equal 
to a!'(Y). Hence it follows from Lemma [8.1.41 that there exists a unique element 
(a", 7a") of MfCo,,o) satisfying {a', "fa') = (a, "fa) o {a", "fa"). 

To prove the claim, it remains to show that (a", 7 a") is an element of 
Since a' = a o a" and a{X) = a'{X), we have a{a"{X)) = a{X). Hence it 
follows from Lemma 17.5.21 that we have a"{X) = X. By applying the equality 
"fa{ct"{Y)) O "fa"{Y) = "fa'{Y) tO F = X, we have "fa{X) O "fa"{X) = "fa'(X) = 
"fa(X). Hence we have "fa"{X) = idto(x), which proves that (a", "fa") is an element 
of Kx • This completes the proof. □ 

Remark 8.1.6. In the proof of the previous lemma, a stronger statement is proved: 
There exists a unique element {a", "fa") of M(Co,lo) satisfying (a', 7 a') = (a, 7 a) o 
(a", 7a"). Moreover the element {a", "fa") belongs to Kx. As we do not need this 
statement, the details are suppressed. 

Lemma 8.1.7. Let {a,"fa) be an element of MfCo,Lo) and X be an edge object of Co- 
Suppose that a{X) is an edge object of Co- Then (a, 7a) is an invertible element of 
Al(Co,i.o) ■ 

Proof. By Lemma 18.1.41 we are reduced to proving that the functor a : Co — >■ Co is 
an isomorphism of categories. It follows from Lemma 17.5.21 that a is fully faithful. 
Since the category Co is skeletal, it suffices to show that a is essentially surjective. 
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Let Y be an arbitrary object of Co- Since a{X) is an edge object of Co, it follows 
from Lemma 17.3.21 that there exists a diagram 

aiX) 4 - Z 

in Co such that / is of type J. Hence it follows from Lemma [ 8 . 1.21 that there exists 
an object Y' of Co satisfying Y = q;(H'). This shows that a is essentially surjective, 
which proves the claim. □ 

Lemma 8.1.8. Let Y be an edge object o/Co and let f :Y ^ X be a morphism in 
Co of type J. Then X is an edge object of Co- 

Proof. Let g : X' —>■ X be an arbitrary morphism in Co- Since Co is semi-cofiltered 
(see proof of Lemma lB.T.lll . there exist an object Y' of Co and morphisms f :Y' ^ 
X' and g' :Y' ^Y satisfying f o g' = g o f. Since Y is an edge object, we have g' 
is of type J. Hence f o g' is of type J. It follows from Proposition 12.4.31 that g is 
of type J. This proves that X is an edge object of Co. □ 

8.2. Proof of Theorem 15.8. 1( the fiber functor is essentially surjective. 

8.2.1. Proof: Step 1. Let T be an arbitrary smooth left M(Cg jp)-set. For each object 

X of C, let us choose an edge object Ex of Co and an isomorphism fix ■ i-o{Ex) ^ X 
in C. We set Ft{X) = . One can check, by modifying the argument of the 

paragraph below, that Ft{X) is independent of the choice of the pair {Ex, fix) up 
to canonical isomorphisms. However we will not use this independence in the proof 
of Theorem 15.8.11 given below. 

Let / : X —>■ F be a morphism in C. In this paragraph, we define a map 
f* : Ft{Y) Ft (X). We use the following notation introduced in Section [TjH It 
follows from (4) of Lemma 16.2.21 that there exist a unique morphism /' : Ex —>■ Y' 
in Co and an isomorphism fi' : lo{Y') = F in C such that the diagram 

io{Ex) ^ 

>^4y') Y 

is commutative. We set fi = fi'~^ o fjy : ioiEy) ^ to(^0- If follows from Lemma 
EZD that there exists an element (a, 7 a) of M(^Co,La) satisfying a{Ey) = Y' and 
la{Ey) = fi. We now show for any element (a', ja') of , there exists a unique 
element (a", 7 a") of satisfying (a',7a') o {a,^a) = {a,^a) o (a”,7a")- Let 
(a', 7a') be an element of . It follows from Lemma fS. 1.31 that we have a'(F') = 
Y' and ^a'iY') = idip(Y'). Hence it follows from Lemma 18 .1.5 1 that there exists an 
element (a", 7 a") of satisfying (a', 7 a') o (a, 7 a) = (a, 7a) o (a", 7 a")- Hence 
the map T ^ T given by the multiplication by (a, 7a) induces a map Ft{Y) = 
yKEy „ Ft{X) which we denote by /*. 

8.2.2. Proof: Step 2. We now show that the map /* is independent of the choice of 
the element (a, 7 a). Suppose that (ai, 7 ai) is another choice of an element M(^Co,i-o) 
satisfying ai{Ey) = Y' and jai{Ey) = fi. Then it follows from Lemma [8. 1.51 that 
there exists an element (a", 7 a") of satisfying (ai, 7 ai) = (a, 7 a) o (a", 7 a"). 
This implies that the map f* is independent of the choice of the element (a, 7 a). 
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Step 3. We now show that, for any morphism g : Y —>■ Z in C, we 
- f* ° 9* ■ It follows from (4) of Lemma [6.2.21 that there exist a unique 
Ey —t Z' in Co and an isomorphism \ lq{Z') = Z in C such that 

ioiEy) y 

1 - 0 ( 9 ') 

io{Z') Z 

is commutative. We set /3i = I3[~^ o jSz : i-o{Ez) ^ i-o{Z'). It follows from Lemma 
I7.7.1l that there exists an element (ai, 7 aj of M(^Co,io) satisfying ai{Ez) = Z' and 
laiEy) = /3i. We set Z" = a{Z) and h = a{g') o /'. Then (h,/?^) is the unique 
pair of a morphism h : Ex —t Z" and an isomorphism — Z such that 

the diagram 

'-0 [Ex ) 

Lo(h) 


Px 


A X 


g°f 


-A y 


9 


8.2.3. Proof: 
have (gof)* = 
morphism g' : 
the diagram 


is commutative. We set P 2 = P 2 ^ ° Pz '■ i-oiEz) —>• ioiZ"). Then the element 
( 02 , 7 ^ 2 ) = (ai7a) o (ai,7ai) of M(^Co,io) satisfies a 2 [Ez) = Z" and ^a[Ez) = 1 ^ 2 - 
It follows from the definition that the map [g o /)* is given by the multiplication 
by the element (Q;2,7a2)- Since the maps /*, g* are given by the multiplication 
by the elements {a,^a) and (ai, 7 o,j), respectively, we have the desired equality 
f* og* = {go /)*. Thus we obtain a presheaf Ft on C. Since the action of 
on T is smooth, we have uj(^Co,i.o)[^t) ~ 


8.2.4. Proof: Step 4- Suppose that f : X ^ Y is a Galois covering in T. Let 
/' : Ex Y', /3' : io{Y') ^ Y, and /3 : lo[Ey) ^ i-o[Y') be as in Section 15.2.11 
above. Then it follows from Lemma [8. 1.81 that Y' is an edge object of Cq. Hence it 
follows from Lemma [8.1.71 that the element {a,^a) G M(^Co,i.o) I® invertible. Since / 
is a Galois covering in T, the morphism co[f') is a Galois covering in T. It follows 
from Lemma 18. 1.31 that is a subgroup of Ky/. Let i : —>■ Ky/ denote the 

inclusion. Let p : Ky/ —>■ Gal(/') denote the composite of (joy/ : Ky/ —>■ Hy with 
the projection map Ely —?> Gal(/'). Let us consider the sequence 

(8.1) 1 ^ Ke^ 4 Ky, A Gal(/') ^ 1. 

It is obvious that the map i is injective. It follows from the definition of that 
the kernel of p is equal to the image of i. We have shown in Lemma 17 .6.1 1 that p 
is surjective, when Cjy satisfies one of the conditions in Section [O] Hence the 
sequence iH) is exact. Since [a,"fa) € is invertible, this implies that the 

map f* : Ft{Y) —>• Ft[X) induces a bijection Ft[Y) —>• Ft[X)^^^^E ^ xhis shows 
that Ft is a sheaf on [C,J). 

Let X be an edge object of Cq. Applying Lemma 17.7.11 to the isomorphism 
Ao(a) : i-o[E,gfx)) ^ i-o[X), we can choose an element [ax,"fax) of Mf Co,Lo) 
satisfying ax(Ao(x)) = X and "fax = Ao(a)- It follows from Lemma [8. 1. 71 that 
[ax, "fax) is an invertible element of Hence the action of [ax, "fax) on 
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T induces a bijection Ft{X) = — i- which we denote by ex- Let 

/ : X —^ y be a morphism in C\ . By Lemma 18.1.31 we have the inclusion map 
rjM.Y ^ set (a, 7a) = (ax,7ax)“^ ° (ay, Jay)- We set /' = ax^{f). It 

is a morphism in Cq whose domain is equal to Let Y' denote the codomain 

of the morphism a'^{f) and set /3 = ^ax(X') • '-o(^0 ^ '•o(L^)- We then have 
'^o(/) o Ao(a) = P' o i-oif')- Hence it follows from the argument in Section 18.2.21 
that the map /* : Ft{Y) — >• Ft{X) is given by the multiplication by (a,7Q-). This 
shows that the diagram 

Ft{Y) ■ > Ft{X) 


2^Ky 


rpKx 


is commutative. Hence the bijections ex give an bijection W(C(,,(,q)(TV) — T. It 
is straightforward to check that this bijection is an isomorphism of ^^ysets. 
Therefore the functor W(Co,i,o) essentially surjective. This completes the proof of 
Theorem 15.8.11 


9. The topos has enough points 

In this section, we show that the topos associated to a T-site under cardinality 
conditions has enough points. We show that the fiber functor uj(^Co,i.o) Las a left 
adjoint, hence the fiber functor is a point of the topos Shv(C, J). Then we obtain 
as a corollary to Theorem 15. 8. II that the topos has enough points. 

Until the end of this section we assume that, for any object X of C, the category 
C{T{J)) jx satisfies at least one of the two conditions in Section [SjHU 

9.1. 

Lemma 9.1.1. The functor uj(^Couo) ■ Presh(C) —>■ (Sets) commutes with finite 
limits and arbitrary colimits. 

Proof. Recall that we have defined, for any presheaf F on C, the set oj^Couo) Le 
a filtered colimit of sections of F. Observe that in the category Presh(C), limits and 
colimits can be taken sectionwisely. Hence the claim (1) follows from that filtered 
colimits of sets commute with finite limits and arbitrary colimits in the following 
sense: for any filtered poset /, for any finite poset J (resp. for any poset J'), and 
for any functor S from I x J°p (resp. / x J) to the category of sets, the natural 
map (resp. S'(*, j') ^ 

lii^ -^j 'S'(f, j')) is a bijection. This proves the claim. □ 

Lemma 9.1.2. Let F be a presheaf on C and aj{F) its associated sheaf on (C, J). 
Then the adjunction morphism F —> aj{F) of presheaves induces a bijection uj(Cq,lo) 

Proof. Let Ci denote the full subcategory of Cq whose objects are the edge objects 
of Cq. Let X be an edge object of Cq. Since Cq is a poset, the functor Co,/x “t Cq 
which associates, to each object f : Y ^ X oi Cqjx: the object Y of Cq is fully 
faithful. It follows from Lemma 15.7.41 that this functor induces a fully faithful 
functor Cqjx Ci. Via this functor we regard Cq^/x as a full subcategory of Ci. 
Lemma [5.7.61 shows that Ci is A-connected. Hence the objects of Cqjx are cofinal 
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in Cl. It then follows from Lemma [7.3.11 that the objects of Ix are cofinal in Ci. 
Hence the natural map 

(9.1) lim F{io{Y)) ^ u;^Co,.o)iF) 

(/:T^A)eObj/x 

is bijective. 

Lemma 9.1.3. The functor lq induces a functor Ix Gal/6o(X) which we denote 
by jx ■ The functor jx is an equivalence of categories. 

Proof. It follows from Condition ( 3 ) of Definition 15 . 5. 31 that the functor jx is essen¬ 
tially surjective. Let fiiYi^X and /2 : L2 —>• X be two objects of Ix- Suppose 
that there exists a morphism from jx(/i) to jx{f 2 ) in Gal/io(X). Then there exists 
a morphism g : io(ld) —^ to (1^2) in C satisfying to(/i) = to(/2) ° g- It follows from 
Condition ( 4 ) of Definition 15 . 5.31 that there exist an object Y2 of Co, morphisms 
5' : Yi —>■ Y2 and f2 ■ Yf ^ X, and an isomorphism (3 : 1-0(12) ^ satisfying 

^o{g') = 13 ° g and to(/2) = i-oif^) ° P- Since to(/2) is a Galois covering in C, it 
follows that ioif^) is a Galois covering in C. Hence it follows from Corollary 17 . 1.21 
that we have Y2 = Yf and /2 = f2- This shows that /3 = idtg(Y2) = to(g'). 

Hence g' gives a morphism from fi to /2 in Ix. Since both Ix and Gal/io(X) are 
thin, this shows that the functor jx is fully faithful. This completes the proof of 
the claim that jx is an equivalence of categories. □ 

Therefore the bijection (14.21) gives a bijection 

ajiF)MX)) ^ 1^ F(to(T))G-i(/). 

(/:y^x)eObj7x 

Since (1^ is bijective, we have a bijection 

aj(F)(6o(X))-W(c„..„)(F)^- 

where Hx acts on uJ(^Co,^o) ^i®* homomorphism tpx- Hence it follows from Lemma 
17.6.21 that we have a bijection 

aj{F)MX))^U(c,,.^){FtY 

By composing the inverse of this bijection with the bijection in Corollary 17.6.31 we 
obtain a bijection 

5f,x ■. ^ ^(Couo){0'J{P)T''' ■ 

It is then straightforward to check that the diagram 


W(Co..o)(^) -^ ‘^(Co,.o)(«./(^))> 

where the vertical arrows are inclusions and the lower horizontal arrow is a map 
induced by the adjunction morphism F —5> aj{F), is commutative. Since uj(^Co,i.o}iP) 
and W(Cg^ij,)(aj(F)) are smooth M(Cp_tg)-sets, this shows that the map uj(^Co,io)iP) 
‘^(Co,i.o)('^j(P)) bijective, which proves the claim. □ 
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9.2. Let US consider the functor uj(Co,to) restricted to the full subcategory Shv(C, J) 
of sheaves in Presh(C). Let us denote it by F* : Shv(C, J) —>■ (Sets). Lemma 19.1.11 
shows that F* commutes with fiber products. Let us show that the functor F* 
has a right adjoint. For a set Y, we construct a presheaf F^{Y) on C by setting 
F^{Y){X) = Map(w(Co,to)(^c(-’f)),b") for each object X of C. 

Lemma 9.2.1. The presheaf F^{Y) is a sheaf on (C, J). 

Proof. Let f : X' ^ X in C he an arbitrary Galois covering which belongs to T. 
Let us consider the map a;(Co,to)(f)c(/)) : u}(^Co,io}i^c{X')) ui(^Co,^o)(^ciX)). By 

definition, the map uj(^Co,i.o)0^cif)) is equal to the map 

lin^ Homc(to(^),-^0 1 h 1^ Homc(to(-^); 

.^GObj Cl ^GObj Cl 

induced by the composition with /. The map uj(Co,i.o)Olcif)) is a pseudo Gal(/)- 
torsor since it is a filtered colimit of pseudo Gal(/)-torsors. It follows from Gon- 
dition (3) of Definition 12.3.11 and Gondition (3) of Definition 15.5.31 that the map 
aJ(Co,io)i^c{f)) is surjective. This shows that the set uj(^Co,io)i^c{X)) together with 
the map a;(Co.to)(tlc(/)) is a quotient object of a;(Co.to) (llc(^')) by Gal(/) in the cat¬ 
egory of sets. Hence the pullback map F*(y)(X) —>• F*(y)(X') induces a bijection 
F*(F)(X) ^ F*(F)(X')®®'b/)_ This completes the proof of the claim that F'*(F) 
is a sheaf on (C, J). □ 

Let y be a set. Using Lemma [9. 2. II above, we can apply F* to F*(y). 

Lemma 9.2.2. Let Y be a set. Then we have a bijection 

F*{F,{Y))'^ Ih^ Map(M(c„..o)/K2,y) 

Z^Ohj Cl 

which is functorial in Y. 

Proof. By definition, we have 

F*{F4Y))= liii^ Map(c.(c„,.„)(f)c(to(^))),U). 

^GObj Cl 

For any sheaf G on (C, J), we have isomorphisms 

Hom^vf^Co ,(-o) (^0 ^{Cq,lo) (^)) 

y^HomM(c„,,„)(w(Co,.o)(aj(flc(to(^)))),W(Co,.o)(G)) 

-^Homshv(c.j)(aj(()c(to(2'))),G) 

—Hompresh(C)(l)c(io(-^)), G) 

where (1) and (2) are isomorphisms given by Lemma 19.1.21 and Theorem 15.8.11 
respectively. Hence by Yoneda’s lemma, we have an isomorphism 

W(Co,io)(ilc(to(^))) = M^Co,i.o)/^Z- 
of smooth ^jj)-sets. From this we obtain an isomorphism 
F*(F*(Y)) = li^ Map(M(Co.,o)/IKz, Y). 

2eObj Cl 
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It is straightforward to check that the last isomorphism is functorial in F. □ 

Lemma 9.2.3. Let H be a sheaf on (C, J) and let Y be a set. Then we have a 
bijeetion 

Map(F*(i?),r) ^ 
whieh is functorial in H and Y. 

Proof. It follows from Theorem 15.8.II that Homshv(c,J)(-ff:is isomorphic to 
HomM(cj,,,o)(^*(^), W(Co.to)(^*(^)))- Let us consider the map 

j : Map(F*(i?),r) ^ Map(M(c„,,„) x F*{H),Y) 

given by the composition with the action Mi^Couo) ^ F*{F[) — >• F*{F[) of M(^Co,lo) 
on F*{H). Let us regard the target M.drp{M(^Couo) ^ F*{F[),Y) of this map as the 
set Map(F*(i7), Ma.p{M(^Co,Lo)’'^))- Then the image of the map j is contained in the 
subset HomM(c„,,„) iF*{H), Map(M(Co,,o), F)) of Map(F*(77), Map(M(Co,,o), F)). One 
can check easily that the map Map(F*(77), F) —> HomMfCp .□) Map(M(Co_to), F)) 

induced by j is bijective. We have seen in the last paragraph that UJ(^Co,^o)i^*0^)) 
is equal to the smooth part of the set Map{M(^Co,Lo)^'^)- Since F*{F[) is a smooth 
T7(Co.i^o)"Set> we have 

HomM(e„..„)(T^*(iL),Map(M(c„..„),F)) = HomM(,„,„,(7"*(i7),W(c„,.„)(F,(F))). 

Thus we have bijections 

Map(7^*(77), F) - HomM(e„ {F* (77), uj^Couo)(F*(Y))) ^ Homshv(c.J) {H, F^Y)). 

It is straightforward to check that these bijections are functorial with respect to 77 
and F. □ 

9.3. 

Theorem 9.3.1. The pair (7^*, F*) of funetors gives a point of the topos Shv(C, J). 

Proof. Lemma 19.2.31 implies that the functor F* is a right adjoint to the functor 
F^.. Thus the pair {F^.,F*) of functors gives a point of the topos Shv(C, J). □ 

Corollary 9.3.2. The topos Shv(C, J) has enough points. 

Proof. Let / : 7"i —>■ 7^2 be a morphism of sheaves. Using Theorem 15.8.11 we know 
that / is an isomorphism if and only if uj(^Couo)if) isomorphism of smooth 

7l7(Cjj ^p)-sets. This is an isomorphism if it is an isomorphism of (the underlying) 
sets. This implies the claim. □ 

10. On locally profinite groups 

Suppose we are given a F-site and a grid. Then our absolute Galois monoid 
FI(Co,lo) came with the set of subgroups indexed by the edge objects in the grid. 

We show in Section flO.il that 7l7(Co,to) is naturally equipped with the structure of 
a topological monoid such that the category of smooth 7l7(Cjj ,,p)-sets is canonically 
equivalent to the category of discrete sets with continuous action of the topological 
monoid M(^Co lo) - 

In Section flO. 21 we give one of our main theorems. It states that the topos asso¬ 
ciated to a F-site, whose topology is atomic, that satisfies the cardinality condition 
(1) is equivalent to the category of discrete sets with continuous action of some lo¬ 
cally profinite group. This may be regarded as a reconstruction theorem for locally 
topological groups. 
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10.1. The absolute Galois monoid as a topological monoid. Let (C, J) be 

a F-site. Suppose we are given a grid (Co, to) for this F-site. Let us equip the 
associated Galois monoid with the structure of a topological monoid as 

follows. 

For each element m G consider the set 

= {niKx I X an edge object } 
of subsets of Let QJ = {‘Vm)m€M(Cg,co)- 

Lemma 10.1.1. The set ^ is a fundamental system of neighborhood for some 
topology on (the underlying set of) 

Proof. We check below only some of the axioms for the set of subsets to be a 
fundamental system of neighborhoods. The rest is left to the reader. 

Let m,mi,m 2 G ^(Couo) be edge object. Let us show that if m G 

TOiKxi nm 2 ^x 2 then there exists an edge object F such that F C toiKxi nm 2 Kx 2 ■ 
We can write m = uiiki = m 2 k 2 for some ki G Ki and fc 2 G K 2 . We want to show 
that there exists an edge object F such that /ciKy C Kxj and k 2 ^Y C Kxj- It 
suffices to hnd F such that Ky C Kxi H ■ 

Using the A-connectedness of the grid, we see that for any X,X' G Co, there 
exists an object Y € Co such that there are morphisms Y —)■ X and F ^ X'. 
Hence we have Ky C Kx H Kx'. By Lemma 15.7.41 F is an edge object, hence the 
claim follows. □ 

Lemma 10.1.2. The product map Mf^Couo) ^ ^(Couo) -^(Co.to) continuous 
when is equipped with the topology as above. 

Proof. We will prove the following claim: for any m = ( 0 , 70 ,) G and any 

edge object X, there exists an edge object F such that K.ym C mKx. From 
Lemma [8. 1.51 it follows that the set mKx equals 

{{/3,7/3) I P{X) = a{X),^p{X) = 74X)}. 

From Lemma 15.7.51 it follows that there exists an edge object F such that there is 
a morphism F - 5 - a{X). Now take (S,js) G Ky. Then from Lemma rS.l.Sl it follows 
that S(a(X) = a(X) and js(a(X)) = ida(x)- Let = (S,js) o m. Then we 

have !5{X) = a{X) and 'ypiX) = 7 a(Ar). Hence (/1, 7 / 3 ) G mKx and the claim 
follows. □ 

Corollary 10.1.3. The absolute Galois monoid is a topological monoid for the 
topology constructed as above. 

Proof. Immediate from the previous lemma. □ 

Remark 10.1.4. The category of smooth M(Co^to)-sets defined in Section 15.7.71 is 
canonically equivalent to the category of discrete sets with continuous action of 
the topological monoid to)- This follows from the definitions. See also [MMl 
p.151]. 

10.2. Locally profinite groups. As an application of our main theorem, we ob¬ 
tain a ‘reconstruction’ theorem as follows. 

Theorem 10.2.1. Let {C,J) be a Y-site. Suppose that the topology is atomic and 
suppose that Condition (1) of the cardinality conditions holds true. Then there 
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exists a locally profinite group G such that the topos Shv(C, J) is equivalent to the 
category of discrete sets with continuous action of G. 

If moreover there exists a final object in C, then the locally profinite group is 
profinite. 

Proof. Since the cardinality Condition (1) holds true, by Proposition 16.2.11 there 
exists a grid (Co, to) for this y-site. From Theorem 15.8.11 it follows that the topos 
is equivalent to the category of smooth M(Co,to)-sets. Now since the topology is 
atomic (Section I2.4.1L by definition all objects of C are edge objects. It follows 
from Lemma 18.1.71 that the associated absolute Galois monoid M(^Couo) i® ^ group. 

We can use the procedure in Section riO.il to equip with a structure of a 

topological group. We noted in Remark llO.l.dl that the category of smooth M(^Couo)~ 
sets is canonically equivalent to the category of discrete sets with continuous action 
of M(^Co,La) structure of topological group. The claim then follows from the 

following Lemma riO.2.21 □ 

Lemma 10.2.2. Let the setup be as above. The absolute Galois monoid 

when equipped with the structure of a topological group as in Section al0.1\ is locally 

profinite. If moreover there exists a final object in C, then is profinite. 

Proof. Let X £ Cq. Note that under the cardinality condition, Hx is by definition 
a profinite group. Let us equip Kx with the structure of a profinite group via 
the isomorphism ipx ■ Hx —t Ka (see Section [7. 6. 2|) . To prove the proposition, it 
suffices to show that the inclusion C is a continuous and open map of 

topological groups. 

First, for any morphism Y X, one can check that the induced inclusion 
Kjjf Ky is a continuous open map. Second, given an open subgroup K' C Kx, 
one can find a morphism Y ^ X such that Ky C K'. These two statements can 
be used to prove the claim. 

Now suppose that there exists a final object. Since to is essentially surjective, 
there is an object X £ Cq that is sent to a final object in C. Let (a, 7 ct) £ M^Couo)- 
Then since Co is thin, we have a{X) = X and ^a{X) = idx. This means that 
the inclusion Kx C L'ficouo) i® equality. We saw above that the inclusion is a 
homeomorphism onto its image. As Kx is profinite, the claim follows. □ 

11. F-SITES and grids for locally PRODISCRETE GROUPS 

Suppose we are given a locally prodiscrete group G, which is complete and 
separated. Then the main aim here is to construct a F-site and a grid such that 
the absolute Galois monoid is isomorphic to G. 

In |MM[ p.l50, Section 9], given a topological group G, MacLane and Moerdijk 
construct a site such that the associated topos is equivalent to the category of 
discrete sets with continuous G-action. We use essentially the same site and view 
their fiber functor as a guide to the construction of our grid. Since the equivalence 
is already proved in [MM) , the emphasis of this section is on the computation of 
the absolute Galois monoid. 

The problem of the construction of a F-site and a grid giving rise to a given 
topological monoid seems difficult. 

11.1. The construction of a F-site and a grid. 
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11.1.1. A certain class of topological groups. We consider the following class of topo¬ 
logical groups, which is more general than the class of locally prodiscrete groups. 

Let G be a topological group. Consider the set of open subgroups QJ = {H C G} 
where H satisfies the following property: For any open subgroup U G G, there 
exists an open subgroup K such that K C U Cl H and if is a normal subgroup of 
H. We consider those topological groups such that the set QJ is non-empty. 

11.1.2. We can construct a Wsite and a grid, starting from a topological group as 
in Section Til. 1.11 

Let us construct the site. Let G be a topological group as in Section Hi. 1.1 1 Let 
C be the category of discrete left G-sets consisting of a single G-orbit, isomorphic to 
the G-set of the form G/H for some H G iU. Then the category C is semi-cofiltered 
and C equipped with the atomic topology J is a T-site. 

We can construct a grid of the T-site in the following manner. Let Pq denote 
the set of open subgroups which belongs to QJ. We regard Pq as a partially ordered 
set with respect to the inclusions. We denote by Cq the poset (viewed as a category) 
Cpc associated with the partially ordered set Pq- The group G acts from the left 
on the set Pq by the conjugation, i.e., g - K := gKg~^. By associating G/K to each 
element K of Pgr, we obtain a functor tg ■ Cq —>■ C. Then the pair {Cq, (.q) is a grid 
for the F-site (C, J). 

11.1.3. Given a topological group G as in Section fll.l.ll we construct a locally 
prodiscrete group G as follows. 

First, we give the definition of a locally prodiscrete group. 

Definition 11.1.1. By a prodiscrete group, we mean a topological group which is 
a hltered limit of discrete groups in the category of topological groups. A locally 
prodiscrete group is a topological group such that there exists an open subgroup 
which is a prodiscrete group. 

We set G = limpg® G/H to be the limit of discrete sets G/H in the category 
of topological spaces. We can equip G with the structure of a topological group 
as follows. For two elements gi = <72 = G G, we define the 

product gig 2 G G as follows. We set the P-component of < 71(72 to be gi,H'g 2 ,HH G 
G/H. Here, hrst take a lift 32 ,// G G of the element g 2 ,H G G/H, set H' — 
92,HHgf\j, and take a lift gi.H' G G of gH' G G/H' . The resulting element does 
not depend on the choices of the lifts. 

Let us construct the inverse s = {sh)h^v of <7 = {gH)Hew as follows. For 
P G 2J, we take a lift gn G G oi gn G G/H. Take P G 03. By the definition 
of 03 fSection lll.l.ip . there exists a normal subgroup K' of K such that K' C 
gffKgK n K. Then we set sk = g~K'K G G/K. 

The topological group G is locally prodiscrete. Take an open subgroup H C G 
which belongs to 03. Consider its image, which is open, in G. Since P belongs to 
03, the image is a prodiscrete group. This in turn shows also that G is a topological 
group. 

There is a canonical morphism of topological groups G —>■ G. We note that this 
morphism induces an equivalence of categories from the category of discrete G-sets 
to the category of discrete G-sets. 
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Lemma 11.1.2. When G is separated and complete, the morphism G ^ G is an 
isomorphism. 

Proof. Separatedness implies H = {1}. This implies that the map is injec¬ 
tive. We use completeness to obtain surjectivity. □ 

In particular, if G is locally profinite, then G —>■ G is an isomorphism. 

11.1.4. We compute the absolute Galois monoid for the grid above. 

Lemma 11.1.3. The absolute Galois monoid associated to the grid con¬ 

structed above is isomorphic to G. 

Proof. We construct an isomorphism G —>■ M^Couo) follows. Let g = {gH)H&<s S 
G. For an object PI of Pq, we set agp[ = gnHgfj^ for some lift g^ of gn G G/Pl. 
We have lo{H) = G/Pl and Lo{ag{P[)) = G/{gHg~^). We can construct a map 

lo{H) io{ag{H)) 

by sending the coset hP[ to the coset hg~^ ■ gHg~^. Then one can check that 
these form a natural isomorphism ^a.g ■ Thus we have a map that sends 5 G G to 
i^gi^ag) G M(^CoUq)' 

The proof that this map is an isomorphism is left to the readers. □ 

As a corollary, we obtain the following. 

Corollary 11.1.4. Let G be a locally prodiscrete group which is separated and 
complete. Then there exist a Y-site and a grid such that the associated Galois 
monoid Mi^Co,lo) isomorphic to G. 

Proof. This follows from Lemmas 111.1.21 and 111.1.31 □ 

11.2. For the associated fiber functor and the topos, we have the following claim. 

Proposition 11.2.1. Let G be a locally prodiscrete group. Then there exists a 
Y-site and a grid such that the fiber functor associated to the grid induces an equiv¬ 
alence of the sheaves and the category of discrete sets with continuous G-action. 

Proof. This proposition essentially follows from [MMl p.l54. Theorem 2]. The site 
constructed above is essentially that of loc. cit. and one can also check that the 
fiber functor is essentially the functor considered there. Their theorem says that 
the functor induces an equivalence. Using that the category of discrete G-sets and 
G-sets are equivalent, we obtain the claim. □ 

12. Examples 

We give two examples. The examples in Section [12. II are the simplest examples 
where the Galois groups are the abelian group of integers and the monoid of natural 
numbers. The example in Section [1221 served as the motivation to write this paper. 
In a future paper, we will consider a sheaf on the site with values in the category 
of simplicial schemes. 
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12.1. The simplest examples. Let C be the following category. The objects of 
C are the sets [0], [1], [2], ... where [n] denote the set {0,1,..., n — 1} for n > 0. 
For two integers m, n > 0, the morphisms from [to] to [n] in C are the maps 
f : [n] ^ [to] satisfying f{i + 1) = f{i) +1 for i = 0,..., n. (This is not a typo. The 
morphisms go in the “opposite” direction.) The category C is il-small, A-connected, 
semi-cofiltered, and is an if-category. One can check that any morphism in C is a 
monomorphism. Hence any morphism in C is a Galois covering whose Galois group 
is isomorphic to { 1 }. 

Let T = Mor(C) and let 7+ denote the set of morphisms / in C satisfying 
/(O) = 0. Then both T and 7+ are semi-localizing collections of morphisms in 
C. The pairs (C, Jr) and (C, Jr+) are H-sites which have enough Galois coverings. 
We note that T = T(Jr) and 7+ = T(Jr+)- In particular the notation C(7+) 
makes sense. Since the set Home ([to], [n]) is a finite set for any to, n > 0, it follows 
from Lemma [ 6 . 2.21 that both (C, Jr) and (C, Jr^.) admit grids. We can explicitly 
construct grids as follows. 

Let Co be the following category: the objects of Cq are the finite sets S of the 
form S = {o, a -f 1,..., 6 } for some integers a,b £ 1, with a < b. The morphisms 
in Co are the opposite of the inclusions, i.e., the category Co is thin and for any 
two objects Si, S 2 of C, there exists a morphism from Si to S 2 in C if and only if 
Si D S 2 - Let C'^ g denote the full subcategory of Cq whose objects are [0], [1], [2], 
.... Let L : Co ^ C denote the functor which sends {o, a -I- 1,..., 6} to [b — a]. Then 
one can check easily that the pair (Cq, i) is a grid for C. The pair (C([_ qGIc^ „) is a 
pregrid for (C, Jt:^). Let C+,o denote the full subcategory of Co whose objects are 
the sets of the form {a, o -I- 1,..., 6 } for some a,b £ h with 0 < a < b. Then the 
pair (C+, 0 , t|c+,o) is a grid of (C, Jr+)- 

Let a : Co —>■ Co denote the isomorphism of categories which sends {o,a-|-l,..., 6 } 
to {a -I- 1, a -I- 2,..., 6 -I- 1}. The isomorphism a induces the functor C+,o —t C+^o 
which we denote by a+. We have l = l o a and i|c+,o ° 0 :+ = '-Ic+.o- Hence the 
pairs (a, id) and (a+jid) are elements of the monoids and ^ 

respectively. We then have isomorphisms Z = M(^Co,l) and Z>o = ^{c+^oAcj^ q) 
which sends 1 to (a,id) and (a+,id), respectively. 

12.1.1. We give another example which is essentially the same as the one above. 
Below is the less ad hoc, ‘coordinate-free’ version. Note that the underlying category 
is essentially il-small and not il-small in general, while in the previous example it 
was il-small. 

Let C denote the following category. The objects are finite well-ordered sets. The 
set of morphisms is the set of maps of sets that sends the successor (if it exists) to 
the successor. We set T = Mor(C) and 7+ to be those morphisms that sends the 
least element to the least element. 

We regard the totally ordered sets [n] as objects of C in a natural manner. Note 
that each object of C is isomorphic to the well-ordered set [n] for some n. The pairs 
(Co, io) and (C(,_ g, b\c' defined above make sense in this setup and form the grids 
for (C, J 7 -) and (C, Jt+) respectively. The absolute Galois monoids are hence Z and 
Z>o respectively as above. 

12.2. Our starting example. The following example is the starting point of this 
project. The Galois group is the finite adele valued points of the general linear 
group. We will come back to this in a future paper. 
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Let d > 1 be an integer. We define the category as follows. An object in C‘^ 
is a finite abelian group which is generated by at most d elements. For two objects 
N and N' in the set Horned {N, N') of morphisms from N to N' is the set of 
isomorphism classes of diagrams 

N' ^N" ^ N 


in the category of abelian groups where the left arrow is surjective and the right 
arrow is injective. Here two diagrams N' «- N^' ^ N and N' «- N'" ^ N are 
considered to be isomorphic if there exists an isomorphism N" ^ N'" of abelian 
groups such that the diagram 

N' ^ N" ^ N 

II II 

N' ^ N'" -A N 

is commutative. The composition of two morphisms N' ^ M ^ N and N" «- 
M' ^ N' is seen in the following diagram: 

N 

t 

N' ^ M 

t □ t 

N" M' M Xn> M' 

where the square means that the square is cartesian. This definition of morphisms 
is due to Quillen (O) except that here we take morphisms in the opposite direction. 

Let T = Mor(C^ and let 7+ denote the set of morphisms in C represented by 
diagrams N' N" N oi abelian groups with i bijective. Then both T and 7+ 
are semi-localizing collections of morphisms in C^. In a future paper, we shall show 
that the pairs (C, J 7 -) and (C, Jt+) are H-sites which have enough Galois coverings. 
We note that T = T[Jr) and 7+ = T{Jt+). In particular the notation C‘^(7+) 
makes sense. Since the set Hom^(M, N) is a finite set for any object M, N of it 
follows from Lemma [ 6 . 2.21 that both and C‘^(7+) admit grids. We can explicitly 
construct grids for [C^ , J 7 -) and for Jj-^) as follows. 

Let Lat^^ denote the set of Z-submodules of which are free of rank d. We 
regard Lat'^ as a partially ordered with respect to the inclusions. We let Pair‘d 
denote the following poset. The elements of Pair‘d are the pairs (Li, L 2 ) of elements 
in Lat'^ with Li < L 2 . For two elements (Li,L 2 ) and in Pair‘d, we 

have (Li,L 2 ) < (^ 1 ,^ 2 ) ^rid only if L'-^ < Li < L 2 < L^. Let Cq denote the 
poset category corresponding to the order dual of Pair‘d. Let denote the full 
subcategory of Cq whose objects are the pairs (Li, L 2 ) with L 2 = Z®'^. (We regard 
^®d Q- Q®d standard lattice.) 

Let i : Cq C‘^ denote the functor which sends an object (Li, L 2 ) of Cq to L 2 /L 1 
and which sends a morphism from (Li,L 2 ) to in Cq to a morphism in 

represented by the diagram L'^jL'^ vr- L^jLi ^ L 2 /L 1 . In our future paper, we 
shall show that the pair (Cq, l) is a grid for (C^, Jr) and the pair (C A, ) is 

a pregrid for (C^, Jr+)- Let Cfg denote the full subcategory of Cq whose objects 
are the pairs (Li, L 2 ) satisfying L2 C Z®*^. Then the pair (Cf g, ) is a grid for 
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Let Z = Z/nZ be the profinite completion of Z and let A°° = Z Q 

denote the ring of finite adeles over Q. Let us consider the group GLd(A°“). It is 
a locally compact, totally disconnected topological group. We set Mat” = {g & 
GLd(A°°) I g~^ G Matd(Z)}. We have inclusions GLd(Z) C Mat” C GLd(A°“) of 
monoids. Let M be GLd(A°“) or Mat”. We say that a left M-set S is smooth 
if for any s € S, the GLd(Z)-orbit of s in S' is a finite set. If M = GLd(A°°) 
and S is a left Z[M]-module, this coicides with the usual notion of smoothness 
given e.g. in O 1,4.1]. When M = GLd(A°°) (resp. when M — Mat”), we shall 
construct in a future paper an isomorphism M = M(Co,i) (resp. M = M(^c'^ )) 

of monoids and show that this isomorphism induces a one-to-one correspondence 
between smooth M-modules and smooth M(Cg t)-sets (resp. smooth ^ )- 

sets). Therefore, Theorem l5.8.1l gives an equivalence from the category Shv(C‘^, J 7 -) 
(resp. Shv(C‘^, Jr+)) to the category of smooth left M-sets. 

References 

[BD] M. Barr, R. Diaconescu, Atomic toposes^ J. Pure Appl. Math. 17, 1-24. (1980) 

[C] W. Casselman, Introduction to admissible representations of p-adic groups available 

from his webpage https://www.math.ubc.ca/ cass/ 

[Dl] E. J. Dubuc, On the representation theory of Galois and atomic topoi. J. Pure Appl. 

Algebra 186, No. 3, 233-275 (2004) 

[D2] E. J. Dubuc, Localic Galois theory. Adv. Math. 175, No.l, 144-167 (2003) 

[GM] S. I. Gelfand, Yu. I. Manin, Methods of homological algebra, second edition, Springer 

Monographs in Math., Berlin-Heidelberg-New York: Springer-Verlag. (2003) 

[GZ] P. Gabriel, M. Zisman, Calculus of fractions and homotopy theory, Ergebnisse der 

Math, und ihrer Grenz. 35, Berlin-Heidelberg-New York: Springer-Verlag. (1967) 

[J] P. T. Johnstone, Sketches of an Elephant. A topos theory compendium. I, Oxford Logic 

Guides 43; Oxford Science Publications. Oxford: Glarendon Press. (2002) 

[JT] A. Joyal, M. Tierney, An extension of the Galois theory of Grothendieck. Mem. Am. 

Math. Soc. 309, 71 p. (1984) 

[MM] S. Mac Lane, 1. Moerdijk, Sheaves in geometry and logic, Universitext, Berlin- 
Heidelberg-New York: Springer-Verlag. (1992) 

[Q] D. Quillen, Higher algebraic A'-theory: I, Gohomology of groups and algebraic K- 

theory, Adv. Lect. Math. (ALM), 12, 413-478, Int. Press, Somerville, MA, 2010, 

[V] M.-F. Vigneras, Representations l-modulaires d’un groupe reductif p-adique avec I ^ p. 
Progr. Math. 137, Boston: Birkhauser. (1996) 

[W] C. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced 
Mathematics 38, Cambridge: Cambridge University Press. (1994) 

[SGAl] A. Grothendieck, Seminaire de geometric algebrique du Bois Marie 1960-61. 

Revetements etales et groupe fondamental (SGA 1). 2003, Paris: Societe Mathematique 
de France, 

[SGA3] M. Demazure (ed.), A. Grothendieck (ed.). Schemas en groupes. Tome I: Proprietes 
generales des schemas en groupes, Edition recompsee et anotee du volume 151 
des Lecture Notes in Mathematics public en 1970 par Springer-Verlag, Documents 
Mathematiques 7, Paris: Societe Mathematique de France. (2011) 

[SGA4] M. Artin, A. Grothendieck, J. L. Verdier, Theorie des topos et cohomologie etale des 
schemas. Tome 1: Theorie des topos, Lect. Notes Math. 269, Berlin-Heidelberg-New 
York: Springer-Verlag. (1972) 

[SGA4^] P. Deligne, Cohomologie etale, Lect. Notes Math. 569, Berlin-Heidelberg-New York: 
Springer-Verlag. (1977) 

Satoshi Kondo, National Research University Higher School of Economics, Faculty 
OF Mathematics, 7 Vavilova Str., Moscow 117312, Russia, Phone/FAX: +7 (499) 783-37-84, 
Email: skondo@hse.ru. 




SITES FOR SMOOTH REPRESENTATIONS 


59 


Seidai Yasuda, Department of Mathematics, Graduate School of Science, Osaka Uni¬ 
versity, JAPAN 



